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ABSTRACT

Set of ordinary differential equations with boundary conditions has been solved by using Runge-Kutta
fourth order method by developing a computer program. Values of y at the points of the interval [0, 1]
have been calculated by adopting the stepwise of 0.01 and have been compared with the exact values of y
at these points. Minimum, maximum and percentage errors have been calculated for each differential
equation. It has been observed that Runge-Kutta fourth order method is accurate up to seven digits after
the decimal point in some cases. In the worst case, it is accurate up to two digits after the decimal point.

Keywords: Differential equationNumerical accuracy, Euler’s method, Runge-Kuttatftoorder method.

INTRODUCTION

There are several reasons that Euler's method tiseammmmended for practical use solution of ordinar
differential equation of first order dy/dxf§, y) with boundary conditions, among them, (i) the imoeltis not
very accurate when compared to other methods rtireagquivalent stepsize, and (ii) neither is ityvatable.
As indicated in the error term, this symmetrizat@amcels out the first-order error term, making rtiethod
second order. In fact, it is called theecond-order Runge-Kutta or midpoint method.

There are many ways to evaluate the right-handféidg) that all agree to first order, but that have atiit
coefficients of higher-order error terms. Addingthp right combination of these, one can elimiriagserror
terms order by order. That is the basic idea ofRhage-Kutta method. Abramowitz and Steljiamd Gedr
give various specific formulas that derive fromstivasic idea. By far the most often used is thesatal
fourth-order Runge-Kutta formula, which has a certain sleekness of organizationtabio
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For many scientific users, fourth-order Runge-Kidtaot just the first word on ODE integrators, but
the last word as well. In fact, it yields good rfestione combines it with an adaptive stepsize
algorithm. Bulirsch-Stoer or predictor-corrector thmds can be very much more efficient for
problems where very high accuracy is a requiremant.excellent discussion of the pitfalls in
constructing a good Runge-Kutta code have beemsisd by Shampine et.’al Rice®*, Bulirsch et.
al>, Blanes et. dl.and Murugesan et. 4l.

The Runge-Kutta method treats every step in a seguef steps in identical manner. Prior behavior
of a solution is not used in its propagation. Tikisnathematically proper, since any point along the
trajectory of an ordinary differential equation cserve as an initial point. The fact that all staps
treated identically also makes it easy to incorfRunge-Kutta into relatively simple scherfié$

MATERIAL AND METHOD
Let an initial value problem be specified as folto\t*°

v = f(t,y), ylte) =wo

Then, the Runge-Kutta fourth order method for tpisblem is given by the following
equation:

h
Unt1 = UYn + E”ﬂl + 2k + 2k; + Ey)

Where
jITg1 = f {fn , yn:]

h h
k: - fn .y 1 _k:
2 f( -I—Q.Ef -|-2 1)

2
JII"-’-L = f ':fn + hayn + hkﬂ

Thus, the next valuey{;,) is determined by the present valyg) plus the product of the size
of the interval k) and an estimated slope. The slope is a weightexage of slopes:?®

h h
ky=f (fn + =, Un +§ﬁﬂz)

« Kk is the slope at the beginning of the interval,

« ko is the slope at the midpoint of the interval, gsafopek; to determine the value gfat the
pointt, + h/2 using Euler's method,;

« ks is again the slope at the midpoint, but now usigslopek, to determine thg-value;

+ kyis the slope at the end of the interval, withyitglue determined using.
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The RK4 method is a fourth-order method, meanimag the error per step is on the order of
h°, while the total accumulated error has orfer

We have solved the differential equations givemable-1 at the points
0=Xo, X1, X2... Xn=1, Nn=100, x— %.1 = 0.01, i=1, 2, ...., 100

With the help of Runge-Kutta fourth order methodusjng the following computer program developediby
#include<conio.h>
#include<stdio.h>
#include<math.h>
//Runge-Kutta 4
void main(void)
{

FILE *fpt;

int i

float a,b,x0,y0,h,h1,k1,k2,k3,k4,Kk5;

double ev, y1,;

double f(float x, float y);

clrscr();

fpt=fopen("vikas5.txt", "w");

printf("Boundary conditions\n");

printf("x0=");

scanf("%f", &x0);

printf("y0=");

scanf("%f", &y0);

a=0; b=1,

h=(b-a)/100;

fprintf(fpt,"a= %6.2\n",a);

fprintf(fpt,"b= %5.2An",b);

fprintf(fpt,"n= %7.2An",h);

/Ito write DE

fprintf(fpt,"f(x,y)=(4x"2-2xy)/(1+x"2), x=0, y=th"),

fprintf(fpt,"Value of x Exact vadu Value by RK4\n");

for(i=1; i<=100; i++)

{

hl=i*h;
k1=h1*f(x0,y0);
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k2=h1*i(x0+h1/4,y0+k1/4);
k3=h1*(x0+3*h1/8,y0+3*k1/32+9*k2/32);
k4=h1*i(x0+12*h1/13,y0+1932*k1/2197-7200*k2/Z1+7296*k3/2197);
K5=h1*i(x0+h1,y0+439*k1/216-8*k2+3680*k3/513+8*k4/4104);
y1=y0+25*k1/216+1408*k3/2565+2197*k4/4104-K5/5

/lexact value write h1 for x
ev=(4*h1*h1*h1)/(3*(1+h1*h1));
fprintf(fpt,"%7.2f %22.14f %22.14f %22.14f\il,ev,y1);
}
fclose(fpt);
}
double f(float x, float y)
{
double r;
r=(4*x*x-2*x*y)/(1+x*X);
return(r);

}

With the help of above computer program, we haveutated the value of y, exact value of vy,
difference between calculated and exact values ahg percentage error in the value of y. We have
calculated the values of y in the interval [0, §]dssuming the step size of 0.01. Percentage iertbe value
of y is defined as

Difference in the calculated and exact values of y
x 100

PE, =

Exact value of y

Table-1: Differential equations with boundary conditions abng with exact solutions

S. No. Differential Equation Boundary Condition | Exact Solution
1 dy/dx =y - x y=2 when x=0 yZex+1
2 dy/dx = 1 + x y=1 when x=0 y2R+x+1
3 dy/dx =x+y+1 y=1 when x=0 y=3&-2
4 dy/dx = -x +y + 1 y=1 when x=0 y&ex
5 dy/dx =x/y y=1 when x=0 y=Px1)/2
6 dy/dx =x +y y=1 when x=0 y=2&-1
7 dy/dx = -(1 +x) §/ 2 y=1 when x=0 y=4/6¢2x+4)
8 dy/dx=1+¢ y=0 when x=0 y=tan x
9 dy/dx = -xy y=1 when x=0 y=2/(%+2)
10 dy/dx = X -y y=1 when x=0 y=-8+x%-2x+2
11 dy/dx =3x +y/2 y=1 when x=0 y=1%e6x-12
12 dy/dx=1-y y=0 when x=0 y=T%e
13 dy/ldx =1+y y=0 when x=0 yZd
14 dy/dx = 1/ (2y) y=1 when x=0 y=(x+18)
15 | dy/dx = (4% — 2xy) / (1 + X) y=0 when x=0 y=4%{3(x*+1)}
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RESULT AND DISCUSSION
Accuracy of Solution of Differential equation dy/dxy — x, y=2 when x=0, by Runge-Kutta fourth order

method.

Differential equation has been solved by Runge-#tdtrrth order method with the help of computergpam
at different points of x. Exact values of y at #gmints have also been calculated. Exact valug, of
calculated value of y by Runge-Kutta fourth ordestinod and difference between them at differenttgdimn
included inTable-2. A close look to this Table indicates the following

Maximum Error

Minimum Error

Maximum Percentage Error =

Minimum Percentage Error =

= 0.00033308425264

= 0.00000000012960

0.00705943953222

0.00000000635231

It is clear that the accuracy of Runge-Kutta fowtder method is up to 3 places after the decimal
point. Graph between errors in the value of y dated by Runge-Kutta fourth order method at différe
points is shown iGGraph-1.

Table-2: Exact value of y, calculated value of y by Runge-itta fourth order method and difference between

them at different points for differential equation dy/dx =y — x, y=2 when x=0

Difference between
Value Exact value of y for | Value of y calculated| exact value of y and
of x dy/dx =y —x, y=2 by Runge-Kutta value calculated by

when x=0 fourth order method Runge-Kutta fourth

order method

0.01 2.02005016663488 2.02005016685982 0.00000249d2
0.02 2.04020133912365 2.04020133925325 0.0000029601
0.03 2.06045453259199 2.06045452780589 0.000008804H7
0.04 2.08081077236776 2.08081077342820 0.0000060a40

0.05 2.10127109026275 2.10127108927387 0.000000266
0.06 2.12183654378022 2.12183654261734 0.0000062881
0.07 2.14250818187187 2.14250818201164 0.00000@8001
0.08 2.16328706394975 2.16328707694876 0.00000801029
0.09 2.18417427559174 2.18417428742883 0.00000@7DL8
0.10 2.20517090552785 2.20517092544157 0.0000003TY29
0.11 2.22627806919747 2.22627810534910 0.0000060881
0.12 2.24749684587298 2.24749688033747 0.000006a3324
0.13 2.26882837312589 2.26882842200250 0.000000@488
0.14 2.29027380013889 2.29027386482289 0.0000082606
0.15 2.31183422339997 2.31183428739943 0.00000089489
0.16 2.33351086321872 2.33351097284411 0.00000@5396
0.17 2.35530485522799 2.35530500954877 0.00000Q0D543
0.18 2.37721734609644 2.37721754868476 0.0000083325
0.19 2.39924959238999 2.39924984033896 0.00000a@3479
0.20 2.42140273167898 2.42140306028706 0.0000003286
0.21 2.44367804531160 2.44367841415499 0.00000@3388
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Difference between

Value Exact value of y for | Value of y calculated| exact value of y and
of x dy/dx =y —x, y=2 by Runge-Kutta value calculated by

when x=0 fourth order method Runge-Kutta fourth
order method

0.22 2.46607672790984 2.46607722292634 0.0000004350
0.23 2.48859998569732 2.48860059120559 0.0000008255
0.24 2.51124913813747 2.51124987421706 0.0000008360
0.25 2.53402541668774 2.53402632862387 0.0000038189
0.26 2.55693006476053 2.55693115368921 0.0000023889
0.27 2.57996440667417 2.57996571955450 0.0000088838
0.28 2.60312981510682 2.60313133016141 0.0000053580
0.29 2.62642746852880 2.62642924608136 0.0000052BB5
0.30 2.64985876555725 2.64986079205372 0.0000026264
0.31 2.67342511976702 2.67342752353315 0.0000054037
0.32 2.69712774733341 2.69713052952731 0.0000023821
0.33 2.72096808856019 2.72097123238252 0.0000022438
0.34 2.74494759916435 2.74495113494335 0.0000035867
0.35 2.76906753417449 2.76907159062156 0.0000040064
0.36 2.79332937685052 2.79333396808736 0.0000086812
0.37 2.81773462633503 2.81773974954733 0.000003.2282
0.38 2.84228457769313 2.84229031245262 0.00000523497
0.39 2.86698075844914 2.86698710639283 0.00000&34619
0.40 2.89182463823154 2.89183175251555 0.00000B1D42
0.41 2.91681777614777 2.91682561894199 0.00000B8227
0.42 2.94196152254809 2.94197016297086 0.000002@404
0.43 2.96725746607999 2.96726698379012 0.000009b137
0.44 2.99270721242520 2.99271755142983 0.0000103830
0.45 3.01831215487350 3.01832349572265 0.00001234G68
0.46 3.04407392954626 3.04408627173356 0.00001334P1
0.47 3.06999419011792 3.07000753394751 0.0000123538
0.48 3.09607437412546 3.09608880885918 0.0000188327
0.49 3.12231616660996 3.12233175866262 0.0000152880
0.50 3.14872127070012 3.14873794946986 0.0000166747
0.51 3.17529116952768 3.17530912494915 0.0000129354
0.52 3.20202759854326 3.20204668269868 0.0000196821
0.53 3.22893223140147 3.228952477172383 0.00002028567
0.54 3.25600675857742 3.256028354400381 0.0000222858
0.55 3.28325305045031 3.28327580887323 0.00002272524
0.56 3.31067250685421 3.310696595018387 0.00002442881
0.57 3.33826703163354 3.33829234570671 0.0000253140
0.58 3.36603838425304 3.36606500001213 0.0000266057
0.59 3.39398834186033 3.39401597622890 0.0000268343
0.60 3.42211869946367 3.42214760475339 0.0000289022
0.61 3.45043143941433 3.45046140015357 0.0000239a@47
0.62 3.47892805547877 3.47895915055135 0.0000372380
0.63 3.50761056554282 3.50764246426130 0.0000318487
0.64 3.53648083787046 3.53651363241974 0.00003212485

906 | J. Chem. Bio. Phy. Sci. Sec. C, 2012, Vol.2, No©®1-909.




Numerical Accuracy.....

BR. Srivastava and V. K. Pandey.

Difference between

Value Exact value of y for | Value of y calculated| exact value of y and
of x dy/dx =y —x, y=2 by Runge-Kutta value calculated by

when x=0 fourth order method Runge-Kutta fourth
order method

0.65 3.56554075950198 3.56557414646734 0.0000383369
0.66 3.59479223644277 3.59482620826125 0.0000338488
0.67 3.62423719385382 3.62427160610348 0.0000349652
0.68 3.65387775350127 3.65391222490088 0.0000399p13
0.69 3.68371552610550 3.68375003527828 0.0000372031
0.70 3.71375267154374 3.71378684756700 0.0000328260
0.71 3.74399119354436 3.74402481613219 0.000038G335
0.72 3.77443311597351 3.77446579898890 0.0000326330
0.73 3.80508048303754 3.80511193741948 0.00003 84543
0.74 3.83593554401950 3.83596542160413 0.0000288B35
0.75 3.86700001661267 3.86702789680534 0.0000212801
0.76 3.89827619056788 3.89830162331142 0.00002343527
0.77 3.92976619351715 3.92978849283203 0.0000222833
0.78 3.96147217447555 3.96149109122116 0.000018%667
0.79 3.99339630405606 3.99341102589873 0.0000147318
0.80 4.02554077468669 4.02555064856425 0.0000093B88
0.81 4.05790799442008 4.05791232240246 0.0000082389
0.82 4.09049981413996 4.090497897399Y9 0.0000029167
0.83 4.12331868530099 4.12330945347368 0.0000027318
0.84 4.15636688980590 4.15634970411106 0.00001p%836
0.85 4.18964673249091 4.18962077102814 0.0000252674
0.86 4.22316054135619 4.22312433082341 0.0000362185
0.87 4.25691086967432 4.25686382100596 0.00004 34886
0.88 4.29089969015277 4.29084057921786 0.0000581909
0.89 4.32512960214995 4.32505687468233 0.0000737524
0.90 4.35960302867358 4.35951543682732 0.00008456268
0.91 4.39432241708300 4.39421840421637 0.0001046633
0.92 4.42929023933389 4.42916812659704 0.0001236857
0.93 4.46450920289863 4.46436762826600 0.00014 32846
0.94 4.49998140984161 4.49981847737151 0.000167934
0.95 4.53570961657085 4.53552385239224 0.0001858641
0.96 4.57169639592452 4.57148554123516 0.00021 88346
0.97 4.60794434659819 4.60770638089547 0.00023 12627
0.98 4.64445609340476 4.64418876232111 0.00026838%0
0.99 4.68123428753690 4.68093534070729 0.00029294G8
1.00 4.71828182845904 4.71794874420640 0.00033328412
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Graph-1: Graph between errors in the value of y calculatethy Runge-Kutta fourth order method at different
points for differential equation DE1
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In above manner, the remaining differential equegtibave been solved with the help of developed

computer program.

CONCLUSION

Maximum error in the value of y and maximum perageterror in it for each differential equation
have been calculated and includedTable-3. Average of the maximum error is 0.0011660288854ickv
indicates that the Runge-Kutta fourth order metiscatcurate at least up to two places after thevdg@oint
in worst cases. In some cases, the accuracy ofeRkinga fourth order method has been found to locerate
up to seven places after the decimal point. Valtieaverage percentage error has been found to be

0.13989860729377.

Table-3: Maximum Error and maximum percentage error in the value of y calculated by Runge-Kutta fourth
order method

: . Maximum Percentage Error in
. . Maximum Error in the value of
Differential the value of y calculated by
, y calculated by Runge-Kutta
Equation Runge-Kutta fourth order
fourth order method
method
DE1 0.00033308425264 0.00705943953222
DE2 0.00000005796213 0.00000243769418
DE3 0.00099928502345 0.01938535357238
DE4 0.00033303656893 0.00895673282162
DE5 0.00005527723547 0.00390869080461
DEG6 0.00066616850529 0.01938472764644
DE7 0.00023466931125 0.04106712946875
DES8 0.00273229267543 0.19758704060591
DE9 0.00429651245736 0.64447686860400
DE10 0.00231286876084 0.36589045056946
DE11 0.00021728685466 0.00632866373528
DE12 0.00249483133102 0.39467650532414
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Differential the value of y calculated by
Equation

. ) Maximum Percentage Error in
Maximum Error in the value of 9

y calculated by Runge-Kutta

fourth order method Runge-Kutta fourth order

method

DE13 0.00033321188559 0.01939215558654

DE14 0.00002414770471 0.00170750057505

DE15 0.00245770275244 0.36865541286600

Average 0.00116602888541 0.13989860729377
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