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Abstract: We have studied the dynamics of the collective takon for a partially
condensed harmonic trapped quasi two-dimensionabrio gas. Using the gapless
second-order theory we have evaluated the exaitaiergy. Our evaluated results for
temperature dependent mean-energies show thatdha #eorem is quite accurately
satisfied for temperature T<0.8.TOur theoretically evaluated results are alsodody
agreement with those of other theoretical workers.
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INTRODUCTION

The partially Bose-Einstein condensate trapped iatapases provide an excellent test bench for
developing finite temperature quantum theories.s€hgeakly interacting systems can be modeled from
first principles, and the experiments yield acceirand detailed information for comparison. Espégial

the energies and decay rates of low-energy colleetkcitations have been measured tests for thealret
models.

For dilute condensates at temperature much lovaar the condensate temperatugktfie Bogoliubov
approximation consisting of the Gross-PitaevskiPJ@quation for the condensate wave function aed th
Bogoliubov equations for the quasi-particle exaitas have proven to be accurate in describing the
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collective modes of the system. For higher tempeeatone has to take into account the effectsef th
thermal gas component. Developing a theory thabimputationally feasible and correctly models the
system at temperature approachingsTa challenging task. The most commonly usedefitémperature
theory is the Hartree-Fock-Bogoliubov-Popov (HFBsB) approximation. It neglects the dynamics of
the thermal gas and modifies the particle cor@ianhduced by the condensate. It predicts quadigba
energies in fair agreement with the experimérithe energy of the quadruple modes having azimuthal
angular momentum quantum number &2 deviates from the theoretical prediction femperature
above 0.67, but lately this deviation has been interpretethainly arise from improper modeling of the
time dependent external potential used in the éxpets to excite the collective modes.

In order to take into account the leading ordersigparticle interactions and the correlation indliby

the condensate in the inhomogeneous case, seliemktical approaches have been suggésfethe
dynamics of the condensate and the thermal gaalbadeen studied using various kinetic thedies.

The second-order theory for inhomogeneous, partiedindensate gases presented in refs. 9,10 uses
systematic perturbation theory to take into accdbatinteraction terms in the Hamiltonian. Recently
this theory was extended to take into accountithe-tiependent external perturbation used to dhiee t
system in the experiments, leading to an agreemigimtthe measured energies and the damping rates of
the collective modes!®

The second-order theories are computationally ehgihg, and there have been only a few numerical
investigations of their predictici.”*®In this paper, we calculate the spectral distiiins of the quasi-
particle energies for a partially condensed Bosestein Condensate (BEC) and compare the quasi-
particle energies to the HFB-Popov results as fanatf temperature. Especially, we analyze the iquas
particle dynamics implied by the spectral distibunsg, observing that some collective modes should
exhibit notable collapse and revival effects inppad condensates. The possible existence of this
phenomenon has been pointed out previously inR&fbut it has not been studied in detail before. The
collapse and revival of the excitations indicatattthe energies and the damping rates alone do not
suffice to describe the dynamics of these modes, the commonly used damped sinusoidal fit to the
experimental data may be sufficient to describddhger term dynamics of some mod&s.

2.0 MATHEMATICAL FORMULAE USED IN THE EVALUATION

Second-Order Theory

In this section, one presents the second-order diism for calculating the quasi-particle spectral
distributions for a partially condensed, dilutapped BEC at finite temperatures. The startingtpigin
the usual second-quantized Hamiltonian for strgckeiss bosons

=Y (A%]1)44 +%Z<ij V|km)a'a'aa,
., 'J (1)

Where the creation and annihilation operators fopaaticle in state |i) are denotes by & and
respectively. The single particle Hamiltonian igegi by the sum of the Kinetic energy and the exfern
trapping potential as

N K?0?
HY =- om Vi (1)

(2)
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and the dominant s-wave scattering at low temperatan be modeled by the effective low energy
interaction potential

_ Aman®o(r)
m 3)

v(r)

where a is the scattering length and m the atonsissmThis effective potential is inapplicable aghhi
energies and leads to ultraviolet divergences énthieory, which have to be renormalized in a proper
way.

We choose to use canonical ensemble with fixed tatmber of particles N. By defining the bosonic

~ ~ _112 ~ ~ -
number conserving operatoas:[(N0 +1) ao}ai , where the index O refers to the condensate state

and NO =44,, one can write the Hamiltonian (1) as

0
Where,
Ao =N, (AZ10) + 2,0V | .
H,=N, [i<ﬁsp||o>+No<i0vS 004 +H c]
i#0 (5b)
H, = O[i<ﬁ9’||j>—Ao§j +2N,(afv|j0)a'a |
ij2
+”¢O[%<iws 00)4'a’ +H c.}m(ﬂm) o
Hy= X[ N (i VS| KO0)88la, +H c |
ijk#z0 (5d)
e L el arats &

and 4 = Nex —<Nex> is the number fluctuation operator of the non-ersdhte particles. The symmetries
elements of the two-particle interaction poteriél) are defined as

(i km>=%[<ij|v|km>+<ij|V|km>]

VS

(6)
And A as

A= {o o

0(} (7)
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Where the average number of atoms in the condessate is given byN, = N —<|<|a>. Above the
average {...} refer to quantum expectation values ldrd for Hermitian conjugate.

In the zeroth-order approximation, one solves tioeigd statdO} of I—A|O alone, which makes the linear
Hamiltonian ﬁll vanish. The excitations are found in lowest omediagonalizingl:l2 and the number
of the condensed particldN, has to be tuned such that the total number ofighest satisfies
N =N, +N,,

It is convenient the use an orthonormal singleiglarbasis(; (r) = <r ||> foralli=0, 1..., where
¢ (r) is the condensate wave function given by the GRitsgvskii equation

n0% ., _ 2, _
" om . Zo(r)—\/trap(r)io+NOUO‘ZO(r)‘ ¢,=Adr) @©

with U, =4rmah’ /m. . The GP equation is obtained by minimizi@é0> with respect tod, (r).

Diagonalizing ﬁz using the Bogoliubov transformation

(L(r) M(r)}(ui(r) ]:D(um ]
SUNGCERTOYRTOND BTG o

whereu, (r) =2 U;¢;(r) andu (r)=2 UV;{(r) are the quasi particled]the quasi-

#£0 i
particle energies, and operatot.(r)=H® - A + 2NOUO‘Z(; (r)‘zand M (r)=NJ2(r) have
been introduced. The quasi-particle amplitudes mas$fy the orthogonality and symmetry relations
for [u ()i (r)-u (r)oui(r)] =4
fdr[ui (r)uj(r)—ui(r)uuj(r)]:o (10)

We express the particle operators in terms of thasigparticle operators, yielding

2 2 2

p(r)= X [u (O s (O I+l (1)}
K(r)=2u(r)u(r)(2n +1)

i#0 (12)
One finds the perturbative Hamiltonian

(11)

H o = AH, +AH, +AH, +H,+H, (13)

Where the nonquadratic termH; and F, are to be calculated using the improved condensate
function. Note that our notatiokH; differs somewhat from that in Refs™®
The perturbation termHj is just a real number and can be easily takengotount. In addition to it, in

first-order perturbation theory only the term$l, and H, containing even numbers of quasi-particle
operators contribute to the energy shift.
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S> (14)

where| s> is a quasi-particle occupation number eigenstateecond-order perturbation theory, one can

in fact neglect the termsH, andf, because it turns out that their contribution ishef same order as
the contribution of the other terms in third-orgerturbation theory’ *° Thus, one needs to calculate

only
s)

(r[as, +#, 2
Epert(s’z):z E -E

r£s

(15)

The quasi-particle energies are calculated as ¢olgy changes in the system which the correspgndi
guasi-particle occupation number by 1, while thmaltaumber of particles is held constant. Thisdgel
the corrected excitation energy
\ — P ]

E.(Z') =0, +AEp +AEY,  +AEP +AE] (Z') (16)
where theA terms are given in Egs.(16) and the complex enpaggmeter zshould not be mixed with
the fugacity. Calculating the excitation energiggumction of Z yields the dynamics of the excitations in
the following way. The time evolution operator Ugf)the system may be written in terms of the Fauri
transform of the resolvent operator

~ ~\-1
G(z')=(Z'-H
(z)=(z'-R) a7
U(t)= o gta Im[é(hw—io)]dw
g (18)
Numerical Methods
One considers a pancake-shaped system in a harputwiatial
Vi (1) :lmwfx2 +1rna)y2y2+—1ma)fz2
2 2 2 (19)

where the trapping frequencies arg =&, =@, and w,with w, >>¢ . For sufficiently strong

trapping potential in the z direction, the condémsgave function and the thermo-dynamically relévan
guasi-particle amplitude can be approximated tanbeylindrical coordinates (), z) of the factorized
form
— img
o(r)=4o(r)o(2)e (20)
and

(21)
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where o(2) e—ZZ/Z(ZaZZ)

/\Ja,m'* is a Gaussian profile and =.,/i/mw are the harmonic oscillator
lengths of the trap.

DISCUSSION OF RESULTS

In this paper, we have evaluated the temperatyvergient mean energies of excitation of Bose-Eimstei
Condensate. For numerical estimation, we have takeodel of pancake — shaped cloud consisting of N
= 2000%Na atoms trapped with trapping frequengy= 25 x 350 Hz. The radial trapping frequengy

oy = 0y may be chosen freely with only the constraint o, . The parameters are chosen from ref. 23.
We have taken the theoretical formalism of M. Mo&eS.M.M. Virtaken and M.M. Salomafaln table

T, we have shown the evaluated results of temperakependent mean energies of the excitation using
second order theory together with HFB-Popov theony exact energy of Kohn modes. Kohn modes are
also called center of mass oscillation motfesccording to Kohn thoref a system of harmonically
trapped interacting particle in any eigenstatehef Hamiltonian has an eigenstate with the amauwnt

The Bogoliubov theory, in which the thermal gas poments is neglected, implies Kohn modes to have
this exact energy. In higher order theories, theadyics of the thermal gas and its interaction vl
condensates have to be taken into account acgueatdl obtained results are in agreement with thenKo
theorem. In our calculation, it is shown that witthie second order theory, the energy of the Kobaleris very
close tohw, for temperature T < 0.8 Tc. Our evaluated thezaktesults are also in good agreement with those
of the other theoretical workefs®. Some recent resufts® also reveal the similar findings.

Table-1: An Evaluated results of temperature depengint mean energies of the excitation modes
using second order theory and also with HFB-PopowHartree-Fock-Bogoliubov) theory. The exact
energyho, of the Kohn modes are also given

E/ho,
T/Tc
Second-order Theory HFB-Popov Theory| Energy of KohrTheory
0.0 2.058 2.153 1.079
0.1 2.092 2.224 1.082
0.2 2.145 2.278 1.097
0.3 2.181 2.324 1.116
04 2.226 2.359 1.132
0.5 2.274 2.396 1.138
0.6 2.345 2.438 1.142
0.7 2.378 2.473 1.145
0.8 2.455 2.524 1.154
0.9 2.481 2.545 1.166
1.0 2.550 2.607 1.178
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