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INTRODUCTION

For solving nonlinear equations, Newton’s method is one of the most important methods in numerical
analysis'. Recently, some methods have been proposed and analyzed for solving nonlinear equations
*¥ These methods have been suggested by using quadrature formula, decomposition and Taylor’s
series > *'2. As we know, quadrature rules play an important and significant role in the evaluation of
integrals. One of the most well — known iterative methods is Newton’s classical method which has a
quadratic convergence rate. Some authors have derived new iterative methods which are more
efficient than that of Newton’s ' '35,

This paper has been organized as follows. Part 1 provides some preliminaries which are needed. Part
2 is devoted to suggest one new iterative method by using a new quadrature rule based on spline
functions. These are implicit — type methods. To implement these methods, we use Newton’s method
as a predictor and then use one new method as a corrector. The resultant methods can be considered as
two — step iterative methods. In Part 3, a comparison between this methods with that of Newton’s
methods. Several examples are given to illustrate the efficiencies and advantages of these methods.
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DEFINITION AND NOTATION

Let a €R and xy ER,N =0,1,2,3, ... ... ... Then the sequence xp is said to be convergence to «
if}’im |xy —al = 0. If there exists a constantc > 0, an integer N, = 0 and p > 0 such that for all

N > N,
We have

lxy41 —al < clxy —al?

Then xy is said to be converges to a with convergence order at least p. I[f p = 2, the convergence is to
be quadratic or if p = 3 then it is cubic.

Notation: The notatione,, gives the formula for errore,, = x,, — @, is the error in the n*" iteration.

The equation e,y q = cefqj + 0(enP*1) is called the error equation. By substituting e,, = x,, — @
for all n in any iterative method and simplifying. We obtain the error equation for that method. The
value of p obtained is called the order of this method.

We consider the problem of numerical determine a real root a of non linear equation

f(x)=0, fiDcR-R (1.1)

The known numerical method for solving nonlinear equations is the Newton’s method is given by

f(xn)

Xn+1 = Xp — m n=20,1,23,......
n

Where x, is an initial approximation sufficiently near to @. The convergence order of the Newton’s
method is quadratic for simple roots’.

Description of the Improved iterative method: For several reasons, we know that the cubic spline
functions are popular spline functions .They are smooth functions with which to fit data, and when
used for interpolation ,they do not have the oscillatory behavior that is the characteristic of high
degree polynomial interpolation. We have derived a new quadrature rule which is based on spline
interpolation'®. In this section, we review it briefly and then present the iterative methods.

Let us suppose A = {x;|i = 0,1, 2} be a uniform partition of the interval [a, b] by Knots a = x, <

%b =X (b = x,,andh = x; — xg = x, — x;andy; = f (xi)) ; thenthe cubic spline function SA(x)

which interpolates the values of the function f atthe knots xq,x;, X, € A and satisfies S'A(a) =
S"A(b) = 0 is readily characterizedby their moments, and these moments of interpolating cubic spline
function can be calculated as the solution of a system of linear equations. We can obtain the following
representation of the cubic spline function in terms of its moments'’.

Sa(x) = a; + Bi(x — x) + yi(x — x)% + §;(x — x;)3 (2.1)
For x € [x;,x;4+1], i =0,1

Where
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Mo =My =0, My = | r(@ — 27 (“27) + £ )

Now from (2.1) we obtain

a+b

beA(x)dx = f_SA(x)dx + jb Sa(x)dx

a

3

= 2@+ 2f (S20) 4 £ )]~ [y + 200, + 30,

24
= 2[3r@ + 107 (232) + 370)
And thus
I} f®de ~ 22 [3(a) + 10f (52) + 37 )] (2.2)

We use the above quadrature rule to approximate integrals and use it to obtain an iterative method. In
order to do this, let « € D be a simple zero of sufficiently differentiable function f: D € R = R for an
open interval D and x, is sufficiently close to a. To derive the iterative method, we consider the
computation of the indefinite integral on an interval of integration arising from Newton’s method.

fG) = fle) + f; f/(@©)dt 2.3)

And using the quadrature rule (2.2) to approximate the right integral of (2.3),

[ £t =22 [3f () + 10f"(X52) + 3£/ (2.4)

And looking for f(x) = 0. From (2.3) and (2.4) we obtain

16f (xn)
[3f (xn)+10f" (x"+x)+3f’(x)] (2.5)

X =Xp—

This fixed point formulation enables us to suggest the following implicit iterative method

161 (xn)
[3/ G+ 107 (22841 4 3£ (o) (2.6)

Xn+1 = Xn —
Which requires the (n + 1)'* iterate x,,,, to calculate the (n + 1)'" iterate itself. To obtain the
explicit form, we make use of the Newton’s iterative step to compute (n + 1)iterate x,,,, on the

right hand side of (2.6), namely replacing f (M) withf (@), where y, = x, — fxn)

o )1sthe

Newton iterate and obtain the following explicit method.
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Algorithm: For a givenx,, compute the approximate solution x,,,; by the following iterative scheme

B 16f (x,) ot
xn+1 - Xn - , , xn+xn+1 , ) n= yAyd, see e e s
3f'(x,) + 10f — )T 3f"(xn+1)
Where
Sl
I = T )
NUMERICAL EXPERIMENTS

In this section, we have employed the methods obtained in this paper to solve some nonlinear
equations and compare them with the Newton’s method. We have used the stopping criteria |x,, ., —
Xn| < € and |f(xp41)| < €, wheree = 10 — 14, for computer programs. All programs are written in
Matlab.

The number of iterations (NI) and function evaluations (FE) is given so that the stopping criterion is
satisfied.

We have used the following test functions with initial pointx, and display the approximate zeros x*
found up to the 14¢h decimal place.

Example 1:f; (x) = x3 — x + 3, Xo= —1 x* =—-1.67169988165716
Example 2:f,(x) = x3 + 4x% — 10, xo=1 x* = 1.36523001341410
Example 3:f;(x) = —cosx — x, X0=0 x* = —0.73908513321516
Example 4: f,(x) = xe¥ —sin?x +3cosx +5, xo = —1 x* =-1.20764782713092
Example 5: f5(x) = 3x —cosx — 1, X9 = 0.5 x* =0.60710164810312
Example 6:f;(x) = xe* — cosx,x, = 0.5 x* = —0.51775736368246

Example 7: f;(x) = xlogx — 4, Xo= 3 x* = 3.32732232259910
Example 8: fg(x) = 4x — e”, Xo=3 x* = 2.15329236411035
Example 9:f5(x) = xtanx + 1 Xg = 2.5 x* = 2.79838604578389
Example 10:f;,(x) = x3 — 3x%2 + 2.5 Xo = 2 x* = 2.64178352745293

Comparison between the graphs of the New Iterative method, Newton’s method

And number of Iteration.

J. Chem. Bio. Phy. Sci. Sec. C, Nov. 2013-Jan .2014; Vol.4, No.1; 528-537.



An Improved..... Hasanet al.

-l T T \ \ T T T T
; o3 New lteration Method - % Newton Raphson Method
._O.
&+ B
3
T f{x)=x"-x+3 -167169988165716
B TR T ErE - T e RRITRY SRR Gt st Beeenneeneees 4
%

Dl 3 —

a5 & | I | | | | | I
0 1 2 E) 4 5 B 7 g 9 10

MNo. of lterations
Graph for example: 1
15 T T I I I I I T
o3 New lterative Method -~ % - Newton Raphson Method
1451 z z
141 -
3 2
f(x) =x"+4x"-10 1.36523001341410

B Ere o s Bl L e s Broeennenean 4
1351 £ gt _
T —
1251 _
121 B
116f -
11 =
1051 -

1 | | I | | | | | I
a 1 2 3 4 % = 7 g 9 10

Mo, of iterations

Graph for example: 2

J. Chem. Bio. Phy. Sci. Sec. C, Nov. 2013-Jan .2014; Vol.4, No.1; 528-537.



An Improved..... Hasanet al.
0s T T T T I I I T
B o - New feration Method -3 Newton Raphson Method
a1 |
02k =
03k ]
04k =
05k il
06k .
e -

SEr 3 f{x] = -cos x x -0.73908513321516
Ric e @ =) = & @ 23 & -4
08k : 4
09k '.: .

Kl .L 1 l | 1 1 1 | 1
0 1 2 3 4 to ] 7 g 9 10

Mo, of lterations
Graph for example: 3
095 T T : : : : : T
o - Mew Reration Method - % - Newton Raphson Method
g g
051 -
A1k =
1.5+ 4
. 4. 3
a2k fix)=x.exp{x”)-sin“x+3cosx+5 -1.20764782713092
P TTTITY - S R RO 4y o U e B g (o AR [ s SOEty i
. F

250 : s

13 I I | | I I I | I
0 1 2 3 4 5 B 7 g 9 10

Mo, of lteration

Graph for example: 4

J. Chem. Bio. Phy. Sci. Sec. C, Nov. 2013-Jan .2014; Vol.4, No.1; 528-537.



An Improved..... Hasanet al.
0.62 T T T T T T
| -+ hlew lteration Method -~ % Mewton Raphson Method
- @ & @ @ @ & 2 4
fix)=3x-cos x-1 0.60710164810312

06~ -
0.58 - -
0.56 =
0.54 - -
052 - -

0.5 ! ! 1 1 ! ! 1
3 4 to ] 7 g 9 10

Mo, of lteration
Graph for example: 5
0.525 T T T T T
oLk Mew Iteration Method - % Mewton Raphson Method
0.52 - -
- X
f(x) = xe’-cos x 051775736368246

6\\\@ .............. @ .............. @ .............. @ ............. .@ ............. @. ............. @. ............. @ .............. ‘
0a1a- =
0.a1 - -
04805 -

0.5 | | | 1 | | 1
0 3 4 5 B 7 8 9 10

Mo, of lteration

Graph for example: 6

J. Chem. Bio. Phy. Sci. Sec. C, Nov. 2013-Jan .2014; Vol.4, No.1; 528-537.



An Improved..... Hasanet al.

34 T T I I I T I T
-+ New lteration Method -+ % Newton Raphson Method
335+ 4
%o
o & T e B B O oo B 4
fix)=xlogx-4 332732232259910
33 7
3251 ._i" 5
32 T
315+ wf
RN T
3061 -
3 I I | | I I I | I
a 1 2 3 4 5 B 7 g 9 10
Mo, of lteration
Graph for example: 7
an I I T T T
E 42 Mew teration Method - % Newton Raghson Method
29 -..:"-_ Il
Y| .
26 - |
28 o 4
24| .
230 o T .
.
22t B, Tea =4y .of -
2, flx)=4x-e 215329236411035
R B @ & & @ @ @ P
71 I I | | I I I | !
a 1 2 3 4 5 B 7 g 9 10

Mo, of lteration

Graph for example: 8

J. Chem. Bio. Phy. Sci. Sec. C, Nov. 2013-Jan .2014; Vol.4, No.1; 528-537.



An Improved..... Hasanet al.

27 T T I I I I I T
-+ @ New lteration Method -~ % - Mewton Raphson Method
268 =
®
266+ : i
; 3 fx) = X°-3x°+2.5 24178352745293
aadb g, I - - & & o - r g}
262 -
26 =
258+ i
2586+ -
SEiksl -
252 =
2 5 I 1 \ ! I 1 1 ! I
0 1 2 3 4 £ B 7 g 9 10
Mo, of lteration
Graph for example: 9
3 T T \ \ T T T T
o New lteration Method - % Newton Raphsan Method
29+ -
fix) = x tan x+1 2.79838604578389
28k Gy & & 2 & & & - #
27 T
26 =
3 5.: ! 1 ! ! 1 ! ! ! 1
1 2 3 4 5 B 7 a 9 10

Mo, of lteration

Graph for example: 10

J. Chem. Bio. Phy. Sci. Sec. C, Nov. 2013-Jan .2014; Vol.4, No.1; 528-537.



An Improved..... Hasanet al.

CONCLUSION

Analysis of efficiency from the graphs shows that this improved method is preferable to the well-
known Newton’s method. From numerical examples, it has been established that this methods is of
great practical utility.
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