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Abstract: One new iterative method for solving nonlinear functions has been 
presented using a new quadrature rule based on cubic spline functions.  This method 
has been found more efficient than Newton – Raphson method. 
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INTRODUCTION 

For solving nonlinear equations, Newton’s method is one of the most important methods in numerical 
analysis1. Recently, some methods have been proposed and analyzed for solving nonlinear equations 
2-8. These methods have been suggested by using quadrature formula, decomposition and Taylor’s 
series 5, 9-12. As we know, quadrature rules play an important and significant role in the evaluation of 
integrals. One of the most well – known iterative methods is Newton’s classical method which has a 
quadratic convergence rate. Some authors have derived new iterative methods which are more 
efficient than that of Newton’s 10, 11.13-15. 

This paper has been organized as follows. Part 1 provides some preliminaries which are needed. Part 
2 is devoted to suggest one new iterative method by using a new quadrature rule based on spline 
functions. These are implicit – type methods. To implement these methods, we use Newton’s method 
as a predictor and then use one new method as a corrector. The resultant methods can be considered as 
two – step iterative methods. In Part 3, a comparison between this methods with that of Newton’s 
methods. Several examples are given to illustrate the efficiencies and advantages of these methods. 
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DEFINITION AND NOTATION 

Let ߙ א ܴ and ݔே א ܴ, ܰ ൌ 0,1,2,3, … … … Then the sequence ݔே is said to be convergence to ߙ 
if lim

ே՜∞
ேݔ| െ |ߙ ൌ 0. If there exists a constantܿ ൐ 0, an integer ଴ܰ ൒ 0 and ݌ ൒ 0 such that for all 

ܰ ൐ ଴ܰ 

We have 

ேାଵݔ| െ |ߙ ൑ ேݔ|ܿ െ  ௣|ߙ

Then ݔே is said to be converges to ߙ with convergence order at least p. If ݌ ൌ 2, the convergence is to 
be quadratic or if ݌ ൌ 3 then it is cubic. 

Notation:   The notation݁௡ gives the formula for error݁௡ ൌ ௡ݔ െ   .is the error in the ݊௧௛ iteration   ,ߙ

The equation   ݁௡ାଵ ൌ ܿ݁௡
௣ ൅ ܱሺ݁݊௣ାଵሻ  is called the error equation. By substituting ݁௡ ൌ ௡ݔ െ  ߙ

for all n in any iterative method and simplifying. We obtain the error equation for that method. The 
value of p obtained is called the order of this method. 

We consider the problem of numerical determine a real root ߙ of non linear equation 

݂ሺݔሻ ൌ 0,     ݂: ܦ ؿ ܴ ՜ ܴ                                                 (1.1) 

The known numerical method for solving nonlinear equations is the Newton’s method is given by 

௡ାଵݔ ൌ ௡ݔ െ
݂ሺݔ௡ሻ
݂ ′ሺݔ௡ሻ ,               ݊ ൌ 0, 1, 2,3, … … … 

Where ݔ଴ is an initial approximation sufficiently near to ߙ. The   convergence order of the Newton’s   
method   is quadratic   for simple roots5. 

Description of the Improved iterative method: For several reasons, we know that the cubic spline 
functions are popular spline functions .They are smooth functions with which to fit data, and when 
used for interpolation ,they do not have the oscillatory behavior that is the  characteristic of high 
degree polynomial interpolation. We have derived a new quadrature rule which is based on spline 
interpolation16. In this section, we review it briefly and then present the iterative methods. 

Let us suppose Δ ൌ ሼݔ௜|݅ ൌ 0, 1, 2ሽ be a uniform partition of the interval ሾܽ, ܾሿ by Knots ܽ ൌ ଴ݔ ൏
௔ା௕

ଶ
ൌ ଵ൫ܾݔ ൌ ,ଶݔ and݄ ൌ ଵݔ െ ଴ݔ ൌ ଶݔ െ ௜ݕଵandݔ ൌ ݂ሺݔ௜ሻ൯;  thenthe cubic spline function ܵΔሺݔሻ 

which interpolates the values of the function f atthe knots ݔ଴, ,ଵݔ ଶݔ א Δ and satisfies ܵ″Δሺܽሻ ൌ
ܵ″Δሺܾሻ ൌ 0 is readily characterizedby their moments, and these moments of interpolating cubic spline 
function can be calculated as the solution of a system of linear equations. We can obtain the following 
representation of the cubic spline function in terms of its moments17. 

ܵΔሺݔሻ ൌ ௜ߙ ൅ ݔ௜ሺߚ െ ௜ሻݔ ൅ ݔ௜ሺߛ െ ௜ሻଶݔ ൅ ݔ௜ሺߜ െ  ௜ሻଷ                                                     (2.1)ݔ

For ݔ א ሾݔ௜, ݅   ,௜ାଵሿݔ ൌ 0,1 

Where 
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௜ߙ ൌ ௜ߚ    ,௜ݕ ൌ
௜ାଵݕ െ ௜ݕ

݄
െ

௜ܯ2 െ ௜ାଵܯ

6
௜ߛ       ,݄ ൌ

௜ାଵܯ െ ௜ܯ

6݄
 

଴ܯ ൌ ଶܯ ൌ ଵܯ   ,0 ൌ
3

2݄ଶ ൤݂ሺܽሻ െ 2݂ ൬
ܽ ൅ ܾ

2
൰ ൅ ݂ሺܾሻ൨ 

Now from (2.1) we obtain 

න ܵΔሺݔሻ݀ݔ ൌ න ܵΔሺݔሻ݀ݔ
ೌశ್

మ

௔
൅ න ܵΔሺݔሻ݀ݔ

௕

ೌశ್
మ

௕

௔
 

ൌ
݄
2

൤݂ሺܽሻ ൅ 2݂ ൬
ܽ ൅ ܾ

2
൰ ൅ ݂ሺܾሻ൨ െ

݄ଷ

24
ሾܯ଴ ൅ ଵܯ2 ൅  ଶሿܯ

ൌ
݄
8

൤3݂ሺܽሻ ൅ 10݂ ൬
ܽ ൅ ܾ

2
൰ ൅ 3݂ሺܾሻ൨ 

   And thus 

׬ ݂ሺݐሻ݀ݐ ൎ ௕ି௔
ଵ଺

ቂ3݂ሺܽሻ ൅ 10݂ ቀ௔ା௕
ଶ

ቁ ൅ 3݂ሺܾሻቃ௕
௔                                          (2.2)    

We use the above quadrature rule to approximate integrals and use it to obtain an iterative method. In 
order to do this, let ߙ א :݂ be a simple zero of sufficiently differentiable function ܦ ܦ ؿ ܴ ՜ ܴ for an 
open interval D and ݔ଴ is sufficiently close to ߙ. To derive the iterative method, we consider the 
computation of the indefinite integral on an interval of integration arising from Newton’s method.  

݂ሺݔሻ ൌ ݂ሺݔ௡ሻ ൅ ׬ ݂ ′ሺݐሻ݀ݐ௫
௫೙

         (2.3) 

And using the quadrature rule (2.2) to approximate the right integral of (2.3), 

׬ ݂ ′ሺݐሻ݀ݐ௫
௫೙

ൌ ௫ି௫೙
ଵ଺

ቂ3݂′ሺݔ௡ሻ ൅ 10݂′ ቀ௫ା௫೙
ଶ

ቁ ൅ 3݂′ሺݔሻቃ   (2.4) 

And looking for ݂ሺݔሻ ൌ 0. From (2.3) and (2.4) we obtain 

ݔ ൌ ௡ݔ െ ଵ଺௙ሺ௫೙ሻ

ቂଷ௙′ሺ௫೙ሻାଵ଴௙′ቀೣ೙శೣ
మ ቁାଷ௙′ሺ௫ሻቃ

    (2.5)  

This fixed point formulation enables us to suggest the following implicit iterative method  

௡ାଵݔ ൌ ௡ݔ െ ଵ଺௙ሺ௫೙ሻ

ቂଷ௙′ሺ௫೙ሻାଵ଴௙′ቀೣ೙శೣ೙శభ
మ ቁାଷ௙′ሺ௫೙శభሻቃ

    (2.6) 

Which requires the ሺ݊ ൅ 1ሻ௧௛ iterate ݔ௡ାଵ to calculate the ሺ݊ ൅ 1ሻ௧௛ iterate itself. To obtain the 
explicit form, we make use of the Newton’s iterative step to compute ሺ݊ ൅ 1ሻ௧௛iterate ݔ௡ାଵ on the 

right hand side of (2.6), namely replacing ݂ ቀ௫೙ା௫೙శభ
ଶ

ቁ with݂ ቀ௫೙ା௬೙
ଶ

ቁ, where ݕ௡ ൌ ௡ݔ െ ௙ሺ௫೙ሻ
௙′ሺ௫೙ሻ is the 

Newton iterate and obtain the following explicit method.  
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Algorithm: For a givenݔ଴, compute the approximate solution ݔ௡ାଵ  by the following iterative scheme 

௡ାଵݔ ൌ ௡ݔ െ
16݂ሺݔ௡ሻ

ቂ3݂′ሺݔ௡ሻ ൅ 10݂′ ቀ௫೙ା௫೙శభ
ଶ

ቁ ൅ 3݂′ሺݔ௡ାଵሻቃ
 ,       n ൌ 0,1,2, … … … … 

Where   

௡ݕ ൌ ௡ݔ െ
݂ሺݔ௡ሻ
݂ ′ሺݔ௡ሻ 

NUMERICAL EXPERIMENTS 

In this section, we have employed the methods obtained in this paper to solve some nonlinear 
equations and compare them with the Newton’s method. We have used the stopping criteria |ݔ௡ାଵ െ
|௡ݔ ൏ ߳ and |݂ሺݔ௡ାଵሻ| ൏ ߳, where߳ ൌ  10 െ 14, for computer programs. All programs are written in 
Matlab. 

The number of iterations (NI) and function evaluations (FE) is given so that the stopping criterion is 
satisfied. 

We have used the following test functions with initial pointݔ଴ and display the approximate zeros x* 
found up to the 14th decimal place. 

Example 1: ଵ݂ሺݔሻ ൌ ଷݔ െ ݔ ൅ ଴ݔ                            ,3 ൌ  െ1                   כݔ ൌ െ1.67169988165716 

Example 2: ଶ݂ሺݔሻ ൌ ଷݔ ൅ ଶݔ4 െ ଴ݔ                      ,10 ൌ כݔ          1  ൌ 1.36523001341410 

Example 3: ଷ݂ሺݔሻ ൌ െ cos ݔ െ ଴ݔ                            ,ݔ ൌ כݔ         0 ൌ െ0.73908513321516 

Example 4: ସ݂ሺݔሻ ൌ ௫݁ݔ െ sinଶ ݔ ൅ 3 cos ݔ ൅ ଴ݔ   ,5 ൌ  െ1              כݔ ൌ െ1.20764782713092 

Example 5: ହ݂ሺݔሻ ൌ ݔ3 െ cos ݔ െ ଴ݔ                     ,1 ൌ כݔ                    0.5 ൌ 0.60710164810312 

Example 6: ଺݂ሺݔሻ ൌ ௫݁ݔ െ cos ,ݔ ଴ݔ ൌ כݔ                    0.5 ൌ െ0.51775736368246 

Example 7: ଻݂ሺݔሻ ൌ ݔ log ݔ െ ଴ݔ                            ,4 ൌ כݔ                         3  ൌ 3.32732232259910 

Example 8: ଼݂ ሺݔሻ ൌ ݔ4 െ ݁௫,                                 ݔ଴ ൌ כݔ                        3  ൌ 2.15329236411035 

Example 9: ଽ݂ሺݔሻ ൌ ݔ ݊ܽݐݔ ൅ ଴ݔ                            1 ൌ כݔ                      2.5  ൌ 2.79838604578389 

Example 10: ଵ݂଴ሺݔሻ ൌ ଷݔ െ ଶݔ3 ൅ ଴ݔ                 2.5 ൌ כݔ                       2   ൌ 2.64178352745293 

Comparison between the graphs of the New Iterative method, Newton’s method  

And number of Iteration. 
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CONCLUSION 

Analysis of efficiency from the graphs shows that this improved method is preferable to the well-
known Newton’s method. From numerical examples, it has been established that this methods is of 
great practical utility. 
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