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Abstract: Ishihara® has studied holomorphically projective changes and their groups in a
almost complex manifold and also proved on holomorphic planes. Obata? has defined and
studied Riemannian manifolds admitting a solution of a certain system of differential
equations. Also, Negi and Gairola®>* have explain an admitting a conformal transformation
group on Kaehlerian recurrent spaces. In this paper, 1 have defined and studied an
admitting H-projective vector field in Kaehlerian spaces with constant scalar curvature and
several theorems have been proved. Also, then find necessary and sufficient conditions for
such a Kaehlerian space to be isometric to a complex projective space with Fubini-Study
metric.
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INTRODUCTION

Let M be a connected Kaehlerian spaces of complex dimension n covered by a system of real coordinate
neighborhood ( U ; x"), where, here and in the sequel the indices hijk,...... Jun over the range
{12,.....2n}, and let g; F"{"}Vi, K", Ki, and K be the Hermition metric tensor, the complex
structure tensor, the Christoffel symbols formed with g;;, the operator of covariant differentiation with
respect to {; "}, the curvature tensor, the Ricci tensor and scalar curvature of M respectively.
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A vector field v is called a holomorphically projective (so called H-projective) vector field Ishihara®,
Yano®, if it satisfies

(L) L{"¥= vy Vvt +vRK = 8T +pi8f — oo B —psFR"

For a certain covariant vector field p; on M called the associated covariant vector field of v"* , where £,
denotes the operator of Lie- derivative with respect to v™. In particular, if p; is the zero-vector field,

then v is called an affine vector field. Also, if we refer in the sequel to an H-projective vector field v" |
then we always mean by p; the associated covariant vector field taking in (1.1).

Now, Let M be a Kaehlerian space of complex dimension n. The complex structure tensor F;* and the
Hermitian metric tensor structure gj; satisfy

(12) FihP]'.i = —6Jh , V]P;h = 0, VjFih = 0,
(1.3) Fgsi =—Fgjs
(1.4) gji =— E'F’ges

We have Yano (1965), for the curvature tensor K,?ﬁ ,

(L5) FMKE = FOKs
Or equivalently
(16) Kiji = — FRMKG,
(1.7 FiKyjis =— F°Kyjsn
(1.8) Kejin = FFKijes, where Kyjin = Kiji gen
Using (L.5) and the identity K +K};; + K[ =0,
We obtain
1 1
FMK = gU MK, = FUK = EFtS (Kits — Kise) = — ;Fts Kes;

Where g/t are contravariant components of g;; and F' = g*'F? , that s,
1 ,

(1.9) E'KS = — S FH K

From which it follows that

(1.10) FPKps = — % F¥I' Ky jin.

For the Ricci tensor Kj; (1.9) we have

(1.12) FSKh = FhKS

or equivalently

(1.12) K =-E'FrKS

L

Similarly, from (1.10) we have
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(1.13) F'Kyq = —FK;
or equivalently
(1.14) Kji = E'F Kes

A vector field u" on M is said to be contravariant analytic if
(1.15) EVsu; = — FVjus
or equivalently
(1.16) Viug = E'FViu,
Where u; = g;pu”, Since
LR == F Yl + BV = = (FfVeus + FVu) g™,
avector field u" on M is contravariant analytic if and only if
(1.17) L,F'=0
Holds, where £,, denotes the operator of Lie derivation with respectto u”.

It is known Yano (1965) that if M is compact, then a necessary and sufficient condition for a vector field
u and M to be contravariant analytic is that

(1.18) ViViul + K'ul =0

Holds, where V/= g/iv;.

For an H-projective vector field v on M defined by (1.1), we have
(1.19 ViVev® = 2(n+1)pj,

(1.20) ViVivh + Kol =0

(1.19) shows that the associated covariant vector field p; is gradient. Putting

— 1 S
(1.21) p = Yo Ve v
We have

If an H- projective vector field v on M is contravariant analytic, then substituting (1.1) in the well-
known formula Yano (1965, 1970)

Ly Ky = Ve Ly {i"3 =V L, {u"i}
And using a straightforward computation we find
(L.23) Ly Ky == 8pVipi + 8! Vi pi+(F V) ps — B Vi po)FS
+ (FEVips — E° Vi ps ) B,

From which by contracting with respectto h and k , we obtain

- J. Chem. Bio. Phy. Sci. Sec. C, Aug. 2014 — Oct. 2014; Vol.4, No.4; 3628-3635.



An Admitted ... Us Negi.

(1.24) L,Kj; = — 2nV;p; — 2 EYES Ve ps.

Obata? has defined and studied let M be a complete connected and simply connected Kaehlerian
manifold. In order for M to admit a nontrivial solution ¢ of a system of Partial differential equations

ViVipp + Z pjgin+ Pigjn+ ongji— FjiFyos — FinFos) =0

With a constant c>0, where ¢, =V, @ and Fj;; = th gei, 1t is necessary and sufficient that M be isometric

to a complex projective space CP" with Fubini-Study metric and of constant holomorphic sectional
curvature c.

2. KAEHLERIANSPACES WITH CONSTANT SCALAR

CURVATURE

A Kaehlerian space M has the constant holomorphic sectional curvature k if and only if

(21) Kiyi == (81 gji— 8] gua + Fi'Fji — F"F — 2F;F")
We define tensor fields G;; and Z}! jion Mby
(2.2) Gji = Kji _%gji
(2.3) Ziji = Ky — 4n(:+1) (81 9ji = 8] gri + B Fji — F"Fey = 2FFT)
Respectively. We then easily see that the tensor fields G;; and Z’,\i ji satisfy
(2.4) Gji = Gij, G g"" =0, Zy;= Gy,
(2.5) Zxjin == Zjkin  Zkjin= Zinkj,
(2.6) Zi + Zhy + Zy =0,

Where Zyjip = Z,';ﬁ g If Gj; =0, then M is a Kaehler-Einstein space and K is a constant
provided n >1, if Zﬁﬁ = 0, then M s of constant holomorphic sectional curvature K /n(n +1)
provided n > 1.

Now, we have the following

Theorem (2.1): If an H-projective vector field v"* on a Kaehlerian space M of complex dimension n > 1
is contravariant analytic, then the associated vector field p™ is also contravariant analytic, and

(27) Lvl(ji = —2(7’1 + 1) V] Pi,
Where ph = p; gi".

Proof: Applying the operator p, of Lie derivation with respect to v" to both sides of (1.14) and using
L, F* = 0, we have

Ly Kj; = F]"t Fis Ly Kis,
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From which together with (1.24) we see that p" is contravariant analytic and (2.7) holds. Then, we have

Theorem (2.2): If a Kaehlerian space M is compact, then an H-projective vector field v on M is

contravariant analytic, and consequently £, F* = 0, Moreover, if n > 1, then the associated vector field
p™t is contravariant analytic.

Theorem (2.3): For a contravariant analytic H-projective vector field v" on a Kaehlerian space M with
constant scalar K of complex dimension n> 1, we have

(2.8) L,G;; = — Vwi—Vw;,

Where we have put

(2.9 wh = (n+ 1)ph +2K—n v,

And w; = g; wh

Proof: This follows from (2.2), (2.7) and the fact that p; is gradient, that is p; = V;p.

Theorem (2.4): For an H-projective vector field v" on a compact Kaehlerian space M, we have

(2.10) [ypfdV = — —— [ L,fdv

2(n+1)

For any real function f on M, where dV denotes the volume element of M, and p is the function defined
by (1.21).

Proof: This follows from (1.21) and
0= [, Vi(fv)dv = [, fVvvidv+ [, vi V; fdV.
Theorem (2.5): Ina compact Kaehlerian space M, we have
11) [, LpshdV = [, Lonfadv = [, (Vif) (ViR)dV= fARdV =— [, hAfdV

For any real functions f and h on M, where L denotes the operator of Lie derivation with respect to
the vector to the vector field Vif,and A = g/t V,V;.

Proof: This follows from

0= [y Vi(f Vinyav = [, W:)H(ViR)av = [, fARAY,

0= [, VihVif)av = [, (Vih) (Vif)dv = [, hAfav.
Theorem (2.6): If, in a compact Kaehlerian space M, a nonconstant function ¢ satisfies
(212)  V;Vipp+ % (2¢;gin + igjn + Pngji — FiFf s — FnFps) = 0.
Where ¢, =V}, ¢,c being a real constant, then the constant ¢ is necessarily positive.
Proof: Transvecting (2.12) with g, we have

Vidp +(n+1)c ¢;j=0

From which and Theorem (2.5) it follows that
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cfy @0V = —— [, (Vidp)pldv = — [, (Ap)* dV
Wheregp/ = gl ;. Since ¢ is a nonconstant function, two inequalities
Sy ojo’dv >0, [, (Ap)? dV > 0.
Hold, and consequently C is necessarily positive.

Theorem (2.7): If a Kaehlerian space M with constant scalar curvature K admits an H-projective vector
field v", and the vector field w"

Defined by (2.9) is a Killing vector field, then the associated covariant vector field p; satisfies

k

(213) V;Vipp+ prp— (ijgih +pigjn+ Prgji — FjiFy ps — thFiSPs) =0

Moreover, if M is complete and simply connected, K is positive and v" is non-affine, then M is isometric
to a complex projective space CP"with Fubini-Study metric of constant holomorphic sectional curvature
k/n(n+ 1).

Proof: By using (1.1), we have
(2.14) Vi(Vivi+ Vavi)= 2piGin+ pigjn+ pndji — FiiFy ps — FjnFps
If wh is aKilling vector field, then
Viwy + Vyw; =0,
Holds, and consequently
2(n+ DV;pp + % (Vivp +Vpv;) =0,

Which together with (2.14) implies (2.13). The second part of the lemma proved, if M is compact, then
we can remove the positiveness of the scalar curvature K.

Theorem (2.8): For an H-projective vector field v on M is a compact Kaehlerian space of complex
dimension n> 1 with constant scalar curvature K, we have

(2.15) S VWi + Vow) (Wiwl + Viwl) dv =2, (V,w)? dV

Proof: By using a well-known integral formula YanoA®’ on a compact orientable Riemannian space, we
have

Sy VVwh+ Krwi wydV = [, (Vwh)?2 av
+ % [y (VWi + Vwp) (Viw! + Viwd) dV =0
On the other hand, by Theorem (2.2) the associated vector field p™ is contravariant analytic and hence
satisfies
Viviph+ Kl'pi=0.
Consequently (2.15) follows immediately from (1.20) and the above relations since K is a constant.

Theorem (2.9): For an H-projective vector field v on M, we have

- J. Chem. Bio. Phy. Sci. Sec. C, Aug. 2014 — Oct. 2014; Vol.4, No.4; 3628-3635.



An Admitted ... Us Negi.

(2.16) Sy Giip’widV

— j iy
4(n+1)f (VWL-I-VW])(VW + Viw/) dv.

Proof: From Theorem (2.2), the associated vector field p"is contravariant analytic and hence satisfies
ViV;pi+K/p/ =0,
From which and the equality
ViVip' = V'V, p; — Kjip’
We fined
ViVept = —2Kjpl.
Using the above equation (1.19),(2.2),(2.9) and Theorem(2.8), we have

[y G widV = = [, (7;V, p)widV

f (V; VevHwidv

4n(n+ 1)

1 .
=~ ST Sy (VVwHwWi dV

1
T 2(n+1)

f (Vw2 av

‘4(n+1) f (Viw; + V,wy) (Vw! + Viw/) dV.

3. COMPLEXPROJECTIVE SPACE

We have the following

Theorem (3.1): A complete simply connected Kaehlerian space M of complex dimension n> 1 with
positive constant scalar curvature K admits a nonaffine and contravariant analytic H-projective vector
field v" such that

(31) Liji = 0,

If and only if M is a isometric to a complex projective space CP" with Fubini-Study metric and of
constant holomorphic sectional curvaturek /n(n + 1).

Proof: This follows from Theorem (2.3) and (2.7).

Theorem (3.2): A complete simply connected Kaehlerian space M of complex dimension n > 1 with
positive constant scalar curvature K admits a nonaffine and contravariant analytic H-projective vector
field v™ such that

3.2) L,z =0,
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If and only if M is a isometric to a complex projective space CP" with Fubini-Study metric and of
constant holomorphic sectional curvaturek /n(n + 1).

Proof: If (3.2) holds, then we have V,wt = 0 and hence w"
Isa Killing vector field. Consequently the theorem follows from theorem (2.7)

Theorem (3.3): A compact Kaehlerian space M of complex dimension n > 1 with constant scalar
curvature K admits an H-projective vector field v"*. We have

3.3 Giip’widV >0,
M

Where w' is defined by (2.9). Assume moreover that M is simply connected and v" is nonaffine, then
the equality in (3.3) holds if and only if M is isometric to a complex projective space CP" with Fubini-
Study metric and of constant holomorphic sectional curvaturek /n(n + 1).

Proof: This follows from Theorem (2.7) and (2.9).
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