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INTRODUCTION

If Ay; is an mxn matrix over the complex field, then the Pseduo-inverse of Ay, denoted Afl, is an nxm
matrix such that

AALA, = A, (L)
ALALA; = Al )
(AAL) = AN, L (13)
(AflAu)* = AlA, ... (L4)

Any matrix which satisfies equation (1.1) is called an 1-inverse of A;;. A generalized inverse of Ay, will
indicate a matrix X satisfying some of the conditions (1.1) through (1.4).
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A [0 0]
If M = {Aﬂ} {AZZ Aza} and M is invertible, then M is lower block triangular. It is natural then to
Aul LAe Ay

ask the following question.

For an mxn partitioned matrix

A, [0 0]
M = {Aﬂ} [Azz Aﬂ ...(1.5)
Acl LA Ay

when is the Pseduo-inverse also lower block triangular? C. Meyer has given necessary and sufficient
conditions for this question in [2].

We first give a formula for computing M ', and then we obtain Meyer’s result as a corollary to this
general expansion. We also examine some other cases which occur rather naturally.
In [3], Meyer considers square matrices which are upper triangular and he determines conditions for a

generalized inverse to be upper triangular. Moreover, he gives explicit formulas for determining these
inverses in some special cases.

Throughout our paper, we shall restrict our attention (except for a fleeting reference to 1-inverses) to the
Pseduo-inverse. We shall use the following well-known facts in our work [e.g., see 4].

A1T1 = Ai*l(AilA:l)T = (Al*lAll)T Al*l ... (1.6)

(AilA:l)T = (AiTl)* A1T1 . (L7)

If N(Aw.) denotes the null column space of Ay, then N (A, )< N(B) ifand only if B = BA'A,.
... (L8)

Lemmas: In order to prove our Theorem, we need the following lemmas.

_AT {A&Z } L'

11 A_g

. {Azz Aﬂ g
i A, Ay

C[ATAT A A AT oy niag[ ] -
AsllAs] A AsllPe A Ay
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Lemma 2.1

For M partitioned as in (1.5), we have M " =
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Proof:
A {Au} g
1
Assume M = As _ |then by (1.1), we obtain
0 [AZZ A23:| LT
i Ao As]

Al (A A
{AJA“ Aur bl [AJ L\J

By the definition of L, we have N [L]

Ao

1

Then (2.2) implies {

.(2.2)

C N{Aﬂ] 50 LL{A”}z{A“} (1.8)
As Al A

JA, =0, and h
}Al A and hence |:A3

Aﬂ} A, =0. But {Zl}AnT =0 is equivalent to

1 1

A&{Aﬂ =0, so the necessity is Complete. For the sufficiency, we will use relation (1.6) we have

1

M'=M"(M M*)T, s0

+

A, [0]

{A21:| |:A22 Aza} = .
A, Ay
1 2 3 0
sl bl o 3 %)
Since A {Am} =0.
LAy
I * a\ A21*
A (A AT) { }U
Thus M = & .
o [ AT
i A, Ay

Which gives the desired result
Lemma 2.3:

If M is partitioned as in (1.5), then

A’ 0

1 1

. {%HAM}*{AZZ Aﬂ[/xz ARI
AcllAa] LA AllA A
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A,

. {Aﬂ Aﬂ
Ar Al |

[A{ {Azz Azs}o

Al LA, A,

Proof:

. i
For the necessity, use (1.1) to obtain {Aﬂ} KT k+ [Azz AZS} [AZZ AZS} {AM} {Am} ,
Ay Ay Ayl Ay Ayl [Adl | A

cnr k]

whereK= A, A, + [Zl} [Zl} if and only if

Am}* {Azz Ay
A, As
A11 [O O]

{Am} |:A22 Azs}
Al A Asg

which implies { } =0. For the Sufficiency, again we employ (1.6).

1

The Pseduo-Inverse of M= we first determine the Pseduo-Inverse of M given in

(1.5).

Theorem:

A, [0 O]

{Aﬂ} [Azz Aza}
Al [P A

) {Aﬂ]rz Azg} P]* P]* {Azz AZS]
o | KA KT F K -K”
Then M = Al An Ag Ay Aul Ay Ay H

Let M=

(- F H .
a L[] P
S|
Where ASl* &
D:_AMK{AH} {Azz Aﬂ
Anl [P Ag
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E{Azz &3}_{&1}({%}*{&2 Aza}
A Ag) LA LA LA A

T=D'D+E'E,
S:KT|:A21} |:A22 A23:||:I_TTT]
Aul [ An A
F:TT0*+[I—TTT][I+S*S]l{Azz A”} {AZI}KT KTAH*—K{AH} {A” AZS}T*o* ,
A A | A Aul[An A
And

H=T' E*+[|—TTT][|+S*5]_{A22 Aﬂ {AM}KT K{Aﬂ}—K*[Aﬂ {A” A”}T*E*
Ay Ag A Ay Al [P A

Proof:

Cline [1] has shown that if U V*=U, then

(U+v)*=u*+(|—UTV)[Gu(l—G*G) Qv*(uT)* UT(I—VGT)},

1

Where G =V —UU'V, Q=[I+(I—GTG) vi(u') UTV(I—GTG)} . now,

A, O 0 0
Let U = {Au 0} and V = 0 [An AB}
Ay | An Ay
As 0
Then {Am} A, Azs} =U+V
Al [Ae A

N

And UV*=0. Hence, clines theorem is applicable by Lemma 2.3, U = A,
0 0
. A KT[AMMAH Aﬂ
' A3l A32 A33

Where K=A, All+{A21} {Aﬂ} Thus, G =
Au] LA

1 1

. {Azz AstAﬂK{AM}*{AZZ Azg}'
LA A AT A LA A
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o AHK{AM} {Azz Aﬂ andEz[Azz ﬂ_mwm [Azz A”’}
Al [P Ay Ay Ag] [ Ay Al [Ae Ay

0 D
Then we have G=
0 E

o 0 0
Therefore, by Lemma 2.1 and the fact G'= [G } , we get G'= [TTD* T*E*}

Where T= D'D+E'E .

A, TA, A
| 0 0 K' | -T'T
Hence, I—GTG:[O I—TTT}’ UTV[IGTG]{ {Agj [A32 Aaj( )]
0 0

| 0 -
And Q{ } where S=KT[A21} {Aﬁz Aﬂ (|—T*T),and

0 [1+s's]’ Al A Ay
I 0
|_VGT: _|:A22 Azs}-l-*ro* I_{Azz A23:|-|-TE*
A, Ay Ay, Ay
ta ¥ TA21*A22 Ast* TAZl* TA21 A22 A23’r*
; n| K'A—K T'D" K -K T'E
Now, U'(1-VG') A [AJ {Agz AJ {AJ [AJ[ASZ AJ ]
0 0

SOG*+[|—GTG}QV*[U*]*UT[l—VG*]=[2 Iﬂ

Where

|:=TTD*+(|—TTT)(|+s"s)l[A22 AB} {A“}KT KTAM*—KT{Aﬂ {Aﬂ A23}TTD*
Ap Ag] [ Ay Al [ Ar Ay

H:TTH*+(I—TTT)(I+S*S)_1{A22 A”} {A”}KT KTAM*—K{A”} {Aﬂ AZS}TTE*
Ay Ag] [ Ay Al [ Ar Ay
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, _K{ANHAH Azs}
And I -UV = Al LA A

0 I

Therefore

(! ‘UTV)[GT+(' ~G'G)QV uTTu(I —VGT)}:

_KT|:A21j|*|:A22 A23:||: _KT{A21:|*{A22 Az3j|H
Al [Ar A Al A Asl |
F H

And finally we get

A, [0 0]
Nl

. ATTA, A Ay, ATA: Ay
=(U+V)'= _KTA“_KT[AJ {Agz AJF _K{AJ_K{AJ[% AJH'

F H

+

In [2, p. 748, Theorem 6], c. Meyer has given a formula for (1)-inverses of partitioned upper block
triangular matrices. Our theorem also accomplishes this task, since the Pseduo is clearly a (1)-inverse.
However, since (1)-inverses are not unique, our results are, in general, different from those of Meyer. For
example, if

At this point, we note the following identities, whose proofs are straight forward.

T:{AZZ A23}E ..(3.2)
Ay Ay
If R=1+S"S, then T'TR* =R'T'T ...(3.2)
. < Ay
D'A,+E =0 ...(33
At [AJ 3
F=T'D"+R*S" K*Aﬂ*—KT[Aﬂ} [A” AZ?}TTD* ...(3.4)
Al L An Ay
H=TTE*+R‘1S*{K{AZl}—K{A”HAZZ AﬂT*E*} ...(3.5)
Ay Al Ar As
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We shall assume throughout the remainder of the paper that M is pseudo partitioned as in (1.5) moreover,

we now consider necessary and sufficient conditions for M ' to be upper block triangular, lower block
triangular, and list at the end of the paper some special for us.

Corollary 3.6

XY . . .
M’ :[O Z} and only if S'/K'A," =0and D" =0, where S, K, and D are as defined in the theorem,

Proof:

XY
From the Theorem, we can see that M " = {O Z} < F=0.
But from (3.4), we have

RF = RTTD*+S*KTAH*—S*KT[21} [ZZ ZE}TTD* ..(3.7)

By the definition of F, we have

TF=TT'D"=D" since N(T) = N(n)

Thus F=0 implies D" =0.

From (3.7), we get, S’K'A,"=0 and D" =0« F =0

This completes the Proof

Note.
F=0=>T=EE=T'E'=E'=H=E"+R"'S’ KT[A”} —K{AMHA” AZS}ET
Ay A |l An As
Corollary 3.8 [2, p.746 Theorem 4]
ofs ]
O Zz
If and only if N(A,) c N[Aﬂ} and N{Azz AZS} c N[Aﬂ} . In this case, we have
ASl ASZ A33 1
A 0
M' = {Azz Azﬂﬂpﬁ {Azz Aﬂ
Ay Aol Al LA Ay

Proof from the theorem, we see that
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IW_xo
Ty z

If and only if KT{AH}:K{AZMA” AZB}H.If K{Aﬂ :KT{A”} {Aﬂ A”}H,
Ay Al A A Ay Ar][Ar As
Then KK{AEl_: KK{AZI}{AZZ AZS}H , and we have
1| ASl ASZ A33
{Aﬂ} :{Aﬂ} A AB}H Now TH=TT'E"=E"
Ay Al [ Ar Ay
Implies A P EH =E". Thus [Azz Azﬂ [AZZ AZ?}H :{Azz Azﬂ and using(1.6)
LA Ay A As] [ Ar Ay An Ay
- t t t
We get AZZ A23 |:A22 A23:| H — |:A22 A23:| ,and |:A22 A23:| H — |:A22 A23:| |:A22 A23:| ,
A As] A A Ay Ay Ay Ay Ay AsllAr Ay
hence
{A{{Aﬂﬂ% AZS}H _ {Aﬂ {Azz AZBMAZZ Aﬂ*
s Al L An A Aa Ay AsllAn Al
And N{Azz Azs} gN|:A21]
An Ay Ay
It can be shownthat H =T'E" and F =T'D" If KT{Aﬂ} = KT{AM} {AZZ A23}H .
T Ar][Ar Ag
Thus
FA11+H{Zj:TTD*AIﬁTTE*[Zﬂ:TT[D*AINLE*[ZiH:O
By (3.3), and we get
Aoy
FA, =—-H (3.9
S 9

Note next that
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Agl .. [Aﬂ T{A{[Azz Azg}
K - K F
{AJ A A A, A
AT {Aﬂ {AMHAH ABH {Azz Azsﬂ
= K — K —H b )
A {AJ AcAca A A, Al A, Al CY

This last term is the same as {Am} K'K = {Aﬂ}

1 A31
Finally,
(A 1y - {Au} T{AHMAZZ Aza} } T _{Aﬂ} o
K 1™ K F 1 1M1= 1 M Id
[AJ SR P T P b e P e
:Zj = {Zj AHTAM, which is equivalent to N(A,) < {Zﬂ On the other hand, it is straight forward
to verify that when N(A,)< N {Zz Zj and
. A 0
N[Zj ngN{:j’the” m = _[Azz A”]*(AM]AIT {Azz ABT
A, A \ADT LA A,
Ap Ay

We note that if m is invertible (ie A, and { } are invertible), then

2 3

A 0
{Azz ABHAH} A {Aﬂ Azsr
Ar Asl (AT (A A,

Suppose A, =0. Then M is lower block triangular if and only if {

M™=

Ao

} =0. There are many special
1

cases which can be derived from corollary 3.8.

In conclusion, the following special results can be obtained.

N R N R L
Ay Ay Ay Ay Aaullhe As

WELEEN J. Chem. Bio. Phy. Sci. Sec. C, February 2015 — April 2015; Vol.5, No.2; 1884-1895



The Pseudo...

G.Ramesh and B.K.N. Muthugobal

r t r T
F=-— " AZ"} [Aﬂ%j, H{AZZ AZS}:TTT, H= A AZ"} ,and S=0 ...(3.10)
Ar As] [Ag Ay Ay Ar Ay
_AﬂT {AZIT 7 * _ *
M= & if and onIyif{Aﬂ} {Aﬂ & =0 andAn{AZl} =0...(3.11)
0 [Azz Aﬂ Aul [P A Ay
i Ay Asl]
_AilT DT
M’ = 0 [Azz A23j|T_|:A22 Aza][Azl}DT’
Ay Ay Ay Ay [ Ay
e
WhereD{Aﬂ_[Azz Azngz Azs} An}
Al A AslAn Asl A
* at t
If and only if AM{A“} =0 and {Aﬂ & {Aﬂ}:{p‘zz A”} {AZI}DT{AZﬂ...(&lZ)
Ay An As] Al A Asl [As Ay
N Ay Ayl |
. An x
. [Azz ABI{AH ABH%HAH ABT
Ay Ay Ay Al | Al | Ar Asl ]
t - -t " t
Whete o0 {Azz Aﬂ [Aﬂ ansz,{Azz Ay m {Aﬂ Aﬂ m
Ay Al [ Al Ay Al | A A Agl | A
If and only if Aﬂmﬂ =0 and NZj Zj <N {:ﬂ ...(3.13)
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