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Abstract: In this paper we have been derived the expression for power and size of the
CST procedure for four-stage partially balanced nested designs. Further, we have
derived the formulae for power and size of the CST procedure for balance at third-stage
as well as at fourth-stage within i" first-stage. The power of CST procedure denoted by

P; (9) can be obtained by adding different power components P11' P12 , P13 and P14.

ie. P (0)=P,+P,+P,+P, WhereP, P,, P, and P, be the probabilities of

11" "12°
events E,,, E,,, E5 and E,, respectively.

11’ 7127 1
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INTRODUCTION

Size and power of test procedure incorporating preliminary tests of significance (PTS) have studied by
Paullt, Bozivichet al?, Srivastava and Bozivich?, Singh and Saxsena* and Rao and Saxena®. Mead et al®
studied empirically the size and power of the sometimes pooled test proposed by Bozivichet al®.Brar’
has studied theoretically the power function of conditionally specified test procedures, mean values and
mean square error of the variance estimate for three-stage unbalanced nested designs. Test of
significance is determined by specification of the population from which experimental data are sampled.
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When the interaction effect term is doubtful we may test the hypothesis that the interaction effect is zero
before we analyze the data. When hypothesis is accepted the effect term is eliminated from the model,
such specification is termed as conditional specification and the objective test used in resolving the
uncertainty of the parent model is known as preliminary test of significance (PTS). The procedure of
testing a main hypothesis involving preliminary test is called conditionally specified test (CST)
procedure. We consider the linear model for four-stage unbalanced design as

Yijki = #+a; +bjj + Cij + € (1)

All terms in right hand side of the model except 4 are assumed to be independent and normally

2

distributed random variables with zero means and variances Gi \ ol c and 05 respectively.

b
a b CijJ Nije a b G Jnijk ‘]n” a b ‘]nuo a ‘]n
WhereQq =/ 1->"> > —=1,Qx=| 23> —->>—|Qs=| 2> —->—
i)k Mijk i ok Mk 7y My 7 Mjo TN
c ‘]”i In
ofgin-x)
(N-k) _ _(ke—ks)  (N—ky)

TOZ

b 7 b-a) T (b-a)
(ks —k3) (kg —kp) (N-k)

e N A e

Where J denote an (n x n) matrix of unit elements and ZAi , the direct sum of matrices

a a b a by G
b:zb. 'C:ZZCU 'szzzk:nuk ’nuoo_zzk:”uk nuo_;nuk
i [ | | J
The k’s that define in the above relations are functions of n ik ’s namely,
a a_b; ) a b G )
Zn?oo ZZ” Zzznuk
k, = k=" k,=-—dK
1 N 12 N 3 N !
a | b nIJO a | b S IJk a b | Sjno
s= 2| 2 ks =2 ZZn 6 =22 Zn
i j iOO i j k 00 i j| k "ijo
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Where Yy, is equal to the sum of general mean p and independent normal variables a;, by, c;, and

ijr i
€ » the vector Y is distributed as N(x, J, M), where J denotes an all in one column vector. The
variance-covariance matrix M can be expressed as

M=071+0. 2333, + 0b 22, + 02 X, .. (2
For testing the hypothesis Ho : 02 = 0 against the alternative hypothesis H : o§ > 0, an exact test of
the hypothesis HO ) G; = 0 is not possible in general because T, ;trSand T, #T,. When Njjk =N and
Cij= k for all i, j and k, an exact test is available because under this condition T, =Ty Also from

ANOVA Table-1 an exact test for testing H, exists if oﬁ =0 and 0(2; =0. But we do not know

whether cﬁ and ci are zero or not.

Table-1: Analysis of variance table for four-stage unbalanced nested designs.

Sources of variation | Degrees of freedom Mean squares | E(MSS)
Between A classes n,=a-1 Y'Q,Y =M, 02 +7502 + 1402 +7502
Between B classes = ib» " Y'Q;Y =M, o2+ 1,02 + 10078
within A classes s
Between C a by a Y'Q,Y=M, ol +1y0?
classes within B T2 = ;%C“ - Zi:b‘
classes
Within C classes a b Y'Q,Y =M, o2

= N _ZZC'J ¢

i
Under such condition, model (1) assumes the following forms:

B 2 2 3
H+ai+bij +Cijk +eijk| f0r6b>o,(5c>0
M+ai+bij+eijk| f0r6%>0,6(2::0 (4)

Yiikl =
jki

M+ai+Cijk +eijk| fOI’G%:O,G§>O (5)
M+ai+eijk| forG%:O,GCZ:ZO (6)

If o ﬁ >0, o 5 >0, the model (1) is known as conditionally specified model, however, if it is known
with certainty that o i >0,0 5 >0 then appropriate model is (3) and which is known as

unconditionally specified full model and if ¢ ﬁ >0,0 i =0oro ﬁ =0,0 § >0orc ﬁ =0,c 5 =0, then
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the appropriate model are (4), (5) and (6) respectively which are also known as unconditionally
specified model. If we assume the unconditionally specified full model given in (3) then

c E >0andoc g >0 and we obtain ANOVA Table-1.

. o M, 2 2 2
Then for testingH , the test statistic is F, = there mean square M, =c_ +1,6_ + 1,0, under

N A

A
L 2 P2 2 2
Hyio,=0and M=o, +7,0, +7,0,

To obtain estimates of the variance components is accomplished by equating expected and observed
mean squares in the ANOVA Table-1 as follows:

T
A {M3—M1—1(M2—M1)}
ngMl 0(2: :Mandgg: TO

To 12

A AN

Putting this value in M’ we get

M':[M{ _f_s_f_4+ﬂj+mz(f_s_f_ﬂ_4}m3[$_4ﬂ
To T2 ToT2 To To T2 T2
Now, taking —=C,, —=C —=C

For testing the null hypothesis H0 : ci =0 againstHl:cs >0, we have derived following CST

procedure.

RejectH 0 if any of the four mutually exclusive events occurs in each of the following CST procedures:

CST Procedure
WhenC, <1, C, <1, C3>1, (1-C,-C3+C, C3)<0, (C,-C; C3)<0

M M M
p113{ 2By, —><By, 4 253}

M, My, Mi23
&2131, M 2By,
™ lciM,+a-co)my]
P12+ M, 6
ZPs
[CSM 3~ (0103—02)M2—(C2 +C3 —1—C1C3)M1]
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M M M
Py —2<By, —=2P,, § 2B
M, Mo, [cs M3—(Cy -1M, |
M M M
Prg {—22B 1, 3 <Py, 4 > B4 .. (D)
M [ClM 2 +(1-Cy) Ml] [Cz M,+({1-C,) Ml]

If o and f are the probabilities of type | and type Il errors respectively, the quantity (1— £) called the
power of the test and «r the size of the test. The power of the test depends upon the difference between
the parameter value specified by H ,and actual value of the parameter. Power function (1— £) can be

expressed as a function of true parameter say 6.

If T is a test of H, the power function of T is defined as the probability of rejection of H, , when the

distribution from which the sample is drawn is parameterized by € and denoted by P; (6') Let P11' P12
: P13 and P14 be the probabilities of events E11' E12, E13 and E14 respectively. Since E11' E12,

E13 and E,, are mutually exclusive, the power function of the CST procedure is the probability

P, () which is given by
4 4
Pr (9): ZPF(E1i|H1) = 2P; - (8)
i i=1

Where Pj; =Pr (E1i|H1) and H 1:02 > 0. Thus, the size of the CST procedure will be
4

ZPr(E1i|HO), whereH,:c2=0.

i=1

P

lZ’P

Integral expressions for power components P |

11 and v

3 and P14 when MLy, Vg 4

are Even Numbers: We know that n, M, is distributed as 012 xi where xf] is the central chi-square
1 1

statistic based on Ul degrees of freedom. According to Box loc. cit., the sum of squares n,M,,

2

; - 2 2 2 2

nzM; and n,M, are approximately distributed as dZXU2 , d3X03 and d4xu4 , Where Yo, X1)3 and

Xi are the central chi-square statistics based on v, v,.and v, degrees of freedom respectively and
4
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d, d;.d, v, vyand U4the sum of squares n;M; (i = 1, 2, 3, 4) are distributed independently, the
joint p.d.f. of Mi (i=1, 2, 3, 4) can be written as

v L: v
My 2 2 2

g(M1,M, M3, M )=C"M? M2 M2 M2

1(miM;y nmoM, n3M3z nyMy
exp<—— >+ + + ...(9)
o7 d, d; d,

Where C” is the constant and is independent of M ; ’s. Applying the transformations

M M M M
_ M, y= ERME W= 1, Wy , X=771 1 .. (10)
mM, 0, n, M, 0, N3 M; O, 14
Where0 5y =—5, 0Og=—-, 0 43 =—— Then, the joint p.d.f. of u, v, w and x is given by
o2 d, ds
. M1234 , M234 1 N34 1 074_1 N4 X
h(uv,w,x)=C;x 2 u?2 v 2 w2 expi- > [+ U +uv+uvw) ... (11)
201

Wheren,,q, =My +V, + V3 +V,,Nyg, =V, + V5 +V,,MNg, =V, +V, and

MN1234

Mg | 2
* 2(512
Cl = es (12)
33
2 2 2 2

Integrating out x over the range 0 toco, we get the joint p.d.f. of u, v and w as

N 234 N3y Ly

* 2 2 2
f(u, v, w)= Cp U v W ... (13)

(1+u+uv+uvw)
P
BRI E

Where C; =
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The limits of integration of the new variables u, v and w corresponding to different components are as

follows:

by (L+u6,) e(l+ub, +uve, 6s)

For P,:0<5u<a;, 0<v< , <W< o,

u

b Ciu0,; +(1-Cy)v

For P, a;su<owo, 2(711 14021 +( ) 2)£v<oo

u
e1(UvB2; B3p 13 V,C3 —(C1 C3 —C5) UBy MyV3 —(C5 +C3—1-C; C5) vy vg)

uv
by W+ub e, ([VC3 v, 03, —(C3-Dv

For P13:03usa1,M3vsw, 2 (vC3 v 03, - (Cs )3)SW<00

u

bz(nlclue 21 +(1—C1)02)

For Pt @a1su <o, 0<v< y :
es(uczﬂlezl +(1—C2)02)
<W< o
uv

L L L
Wherea; = 2Py b= 3Pz 6= +Ps by =

1921 N12 6021037 N123 021032 043

V4B V4PB6
el = ,EZ = ’
My Ly U305 03,0, L2 V3 032 043

The integral expression for the four components may therefore, be written as follows

a, b1 (1+ub,1)/u

P =C I I _[f(u,v,w)dw dvdu
0 0 e(1+u921+uv921 03, )/uv
Pp=C | |

a; b2 (T]lC1921+U+(1—C1)\)2)/U
0]
If (u,v,w)dwdvdu
e1(uvey; B35 My C3—(C1C3-C,) by Myv5—(Cy+Cy~1-C; Cg) l)203)/UV

Ny Ly 07103

My V2071035 043

.. (14)

.. (15)

.. (16)
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ap 0 o)
Py =C5 j J. If(u,v,w)dw dvdu .. (17)
0 by (1400, )u e (VO3 v,Co (Ca-D va)/v
o b (77101921U+(1—C1)02)/U
' e3(u921n1C2+(1—Cz)u2)uv
Where f(u, v, w) is given by (13)
Series Formula for Power Component Pll:
Integrating out w from (15) by using the following standard result,
i w (i) (L)’ -
s (Li+Lpx) ™™ {5 (n+i)(Ly) ™ (Ly+ Lo )™
Where™e = M Then, we obtain P, as
" T'mT(m-n)
MN23 L3
a; b1l+uby/u T—l 7—1 i
* u % 1+u-+uv) dvdu
P, =C5 S j j ( ) ——— ... (20)
0 0 2
(1+e+u (1+e921)+uv(1+e621632)) ’
V4
2 ey :
2 ¢ |(-D)
i=0
WhereS ; =

.. (21
N2z .
+1
5

Integrating out v from (20) by using the following result,

$ e Jror " oo oo
r
Tx M-1a+bx) P dx _ 9=0 ! r=0
o (Li+ Lyx)meneP (L,) ™P=9 (n+q+r) ... (22)
o 1 (L)'
(L) T (L, +|—25)qu+r
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chsy & oo 1
11 = #IU 2 (1+U)J X
ﬂ+i*j 0 %“'J
(Dy) ° _(1+e+u(1+ee 21))
l+e+u(l+eb r
- : (redz) du .. (23)
mﬂﬂ

(1+e+ (1+e621 632 ) bl +Uu (1+9621 + b1921(1+ 8921 632)))

L3
+i—j-1
J 03 L J—l

Sie,) 'y |27 | e
.. (24)

j=0 r=0
WhereS =S;
MNi2
2

+J+rj

Using the binomial expansion for (1+ u)j and integrating out u with the help of following standard

results
R m-1 B. (m,n)
X C ]
J.( b )m+n X— On bm ~ (25)
a+ bXx a
0
B m-1 p p B. (m+q,n+p—q)
I > (a+r?14)r(r)1+p dXzZ(qu)bq aP™ i Y miqg (26)
0 (I—1+L2X) q=0 (Ll) (Lz)
L
Wherec =;BThen, we obtain P, as
L,+L,
Bx0(02+] k 771+kj (I’]-)TJ([‘Z)'BXEJ (Uz+k+|,nl+j+f—k—lj
i ek : ~Si 2 .. 27)
11 Y3 ijk ’771+k Lzzﬂ-,k ijkl 71. — S
W (i) ? (13) 2

Where
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i
Sijk =Sjj Z(Jck) ... (28)

k=0

g [
And Ijkl Ijk Z( Cl)(_l) ... (29)
r,a, , rya,
Also, Xy = , Xp = , D, =(1+eb r,=@a+e
O +r,a3 0 (rf+ra) * ( 21932 (+e),

r,=01+e0, ), =r +b,(1+e0,0,,),r, =r,+b, (1+€6,,0,,) 0, ... (30)

Series Formula for Power Component P,

Integrating out w from (16) with the help of integral given by (19), we get

00 ) MN23 L3 1 .
P,=C, S I I u?2 v2 (1+u+uv)'dvdu
aq bz(nlC1921U+(1—Cl)U2)/U

. | f'B[ Fjer—k-I n1+k+lj
_ CSi (1) y 2

12 =
V3 i i U—Zz+j+r—k—l

(D) 2 (1) 2 (I

(1, 1) 'B, (2 +k+1, 7+J+r k- |j

- .. (31)
, n—1+j+r—k 221kl
(1) 2 (2) 2
Where SijkI is defined in (29). Also,
5 a

X1 =% ., Dy 2(1+91921932 Ny Y2 Cs) e 2(1—(C2 +C3-1-C,C3) vy v3 91) ,

(I +15a;)
I =(1-(C1C3-Cy)e mv30y ) i =(I; +b , (1-C1) v, (1+€ 1051 03,m v, C ),

|§:(|2 +by (146102 035 My vy Cs)mezl) .. (32)
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Series Formula for Power Component P,

Integrating out w from (17) with the help of integral given by (19)

0

! 2 2 i
" u \ 1+u+uv) dvdu
Ps=C3Si| | ( )
0 bl(l+U921)/U

N123 .

2

[1+ u (1—82 (C3 —1) U3)+ UV(1+ 82 C3 Vo 632 )]
We get

* t) ) B, | —24+k+1, M ipr—k—I
CZSijkl (1) (2) Xo [ 2 2 J j

v, _ v, .. (33)
(D3) 2 J (t1)2 o (2)2 !

13 —

Where Sijkl is defined in (29).Also,

!
thyag

m, D3 = (1+92 C3 Lo 632 )’tl =1,t2 =(1+62 (l—C3)U3)

X2:

ti =(t1 +b1 (1+92C3932 02)) , t'z = (tz + bl 921 (1+62 C3 932 02) ) (34)
Series Formula for Power Component P,,

Integrating out w from (18) by using the integral given by (19) we get;

o b (M1C1 01U+ (L-Cpu,)/u Mag 1 Y3y _
P14:C§Sixj I u2 v2 (I+u+uv) dvdu

a 0

T1123 i

[(1+e3 1-Cy)v,)+u (1+ MCr €30 )+uv]

B| —2+j-k, —t+k]| - By —+] k ,—L4+k
* 2 2 2 2
Py =Cy | Sjjk

%+k 2 +j-k
(s1) (52)
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s5) Bl 224 jer—k—1, Mik+l
(s2) [2 ] 5

= Sijki
) ’ % , 0—22+j+r—k—l
(s1) ¢ (s2)

1) (5)" By | 224kl , My jrr—k—I
) s 2 2 )
M-kt 024

(s1) 2 (s2) 2

WhereSijk and Sijkl is defined in (28) and (29) respectively.

Sa28y , shay
X3= Coxy=—2b s =(l+eg(1-Cy)uy)  s;=(l+e3Comy 0y ) |
(51+5231) (51+52 al)
5= {51 +b, (1-C1) ), 85 =ls5 +b, Cy M1 051 ) ... (36)
%3100y 073 vg
12 ¢ |- Dl Ze (D!
i=0 i=0
A A ,
'3 HEP) || M123 3 UEP) || M123
——+3+I +3 ——+2+1 +3
2 2 2 2
0] 10)
73+1 B-pl - 73-{_2 B )
DN B G VE 12 ¢ |C-D'
i=0 i=0
A" At,, _
i3 N K]
n n n n
—12+1+i 123 3 12 +1i 123 +3
2 2 2 2
RESULT

We obtained the power function of CST procedure denoted by P; (49) in (8) by adding the series
formulae for power components P, , P, , P13 and P, from equation (27), (31), (33) and (35)

respectively in case when n;,v,, v3 and v, ie. the degrees of freedom for various sources of

variation are even numbers i.e. P; (9) =P, +P, +P;+P,.
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