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Abstract:  In this paper we have been derived the expression for power and size of the 
CST procedure for four-stage partially balanced nested designs. Further, we have 
derived the formulae for power and size of the CST procedure for balance at third-stage 
as well as at fourth-stage within ith first-stage. The power of CST procedure denoted by 

( )θTP  can be obtained by adding different power components 11P , 12P , 13P  and 14P . 

i.e.  ( ) 14131211 PPPPPT +++=θ .Where 11P , 12P , 13P  and 14P  be the probabilities of 

events 11E , 12E , 13E  and 14E  respectively.  

Keywords:Power function:  size, CST procedure, PTS, partially balanced nested 
designs. 

INTRODUCTION 

Size and power of test procedure incorporating preliminary tests of significance (PTS) have studied by 
Paull1, Bozivichet al2, Srivastava and Bozivich3, Singh and Saxsena4 and Rao and Saxena5.  Mead et al6 
studied empirically the size and power of the sometimes pooled test proposed by Bozivichet al2.Brar7 
has studied theoretically the power function of conditionally specified test procedures, mean values and 
mean square error of the variance estimate for three-stage unbalanced nested designs. Test of 
significance is determined by specification of the population from which experimental data are sampled. 
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When the interaction effect term is doubtful we may test the hypothesis that the interaction effect is zero 
before we analyze the data. When hypothesis is accepted the effect term is eliminated from the model, 
such specification is termed as conditional specification and the objective test used in resolving the 
uncertainty of the parent model is known as preliminary test of significance (PTS). The procedure of 
testing a main hypothesis involving preliminary test is called conditionally specified test (CST) 
procedure. We consider the linear model for four-stage unbalanced design as 

ijklijkijiijkl e + c + b + a+  = Y µ                                                                                                                 …  (1) 

All terms in right hand side of the model except µ  are assumed to be independent and normally 

distributed random variables with zero means and variances 2
aσ , 2

bσ , 2
cσ  and 2

eσ  respectively. 
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Where nJ denote an (n x n) matrix of unit elements and ∑
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The k’s that define in the above relations are functions of ijkn ’s namely,  
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Where  ijklY is equal to the sum of general mean µ  and independent normal variables ijk iji c ,b,a and

ijkle , the vector Y is distributed as ),,( MJN µ , where J denotes an all in one column vector. The 

variance-covariance matrix M can be expressed as  

∑∑ ∑∑∑∑ +++=
iijijk nanbnce JJJIM 2222 σσσσ                                                                             … (2)  

For testing the hypothesis 0:H 2
a0 =σ  against the alternative hypothesis 0:H 2

a1 >σ , an exact test of 

the hypothesis 0:H 2
a0 =σ  is not possible in general because 31 τ≠τ and 24 τ≠τ . When nnijk =  and 

kcij = for all i, j and k, an exact test is available because under this condition 31 τ=τ  . Also from 

ANOVA Table-1 an exact test for testing 0H exists if 02
b =σ and 02

c =σ . But we do not know 

whether 2
bσ  and 2

cσ are zero or not.  

Table-1: Analysis of variance table for four-stage unbalanced nested designs. 

Sources of variation Degrees of freedom Mean squares E(MSS) 
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Under such condition, model (1) assumes the following forms: 
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(6) 

If 0,0 2
c

2
b ≥σ≥σ , the model (1) is known as conditionally specified model, however, if it is known 

with certainty that 0,0 2
c

2
b >σ>σ  then appropriate model is (3) and which is known as 

unconditionally specified full model and if 0,0 2
c

2
b =σ>σ  or 0,0 2

c
2
b >σ=σ or 0,0 2

c
2
b =σ=σ , then 
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the appropriate model are (4), (5) and (6) respectively which are also known as unconditionally 
specified model. If we assume the unconditionally specified full model given in (3) then 

0and0 2
c

2
b >σ>σ  and we obtain ANOVA Table-1.  

Then for testing 0H , the test statistic is 
'

F 4
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To obtain estimates of the variance components is accomplished by equating expected and observed 
mean squares in the ANOVA Table-1 as follows: 
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For testing the null hypothesis 0:H 2
a0 =σ  against 0:H 2

a1 >σ , we have derived following CST 

procedure.  

Reject 0H , if any of the four mutually exclusive events occurs in each of the following CST procedures: 

CST Procedure 

When 1 C 1, C 1, C 321 ><< , ( ) 0  C C  C - C -1 3132 <+ , ( ) 0  C C - C 312 <  
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If α  and β are the probabilities of type I and type II errors respectively, the quantity ( β−1 ) called the 
power of the test andα the size of the test. The power of the test depends upon the difference between 
the parameter value specified by 0H and actual value of the parameter. Power function ( β−1 ) can be 

expressed as a function of true parameter sayθ .  

If T is a test of 0H the power function of T is defined as the probability of rejection of 0H , when the 

distribution from which the sample is drawn is parameterized by θ  and denoted by ( )θTP . Let 11P , 12P

, 13P  and 14P  be the probabilities of events 11E , 12E , 13E  and 14E  respectively. Since 11E , 12E ,

13E  and 14E  are mutually exclusive, the power function of the CST procedure is the probability 

( )θTP  which is given by 
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Where ( )1i1i1 HEPrP = and 0:H 2
a1 >σ . Thus, the size of the CST procedure will be 

( )∑
=

4

1i
0i1 HEPr , where 0:H 2

a0 =σ . 

Integral expressions for power components 11P , 12P , 13P  and 14P  when 321 ,, υυη  and 4υ  

are Even Numbers: We know that 11 Mη  is distributed as 22
1 1η
χσ  where 2

1η
χ is the central chi-square 

statistic based on 1η  degrees of freedom. According to Box loc. cit., the sum of squares 22Mη , 

33Mη  and 44Mη  are approximately distributed as 2
2 2

d υχ , 
2

3
3

d υχ and 2
4 4

d υχ , where 2
2υ

χ , 
2

3
υχ and 

2
4υ

χ are the central chi-square statistics based on 2υ , 3υ , and 4υ  degrees of freedom respectively and
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2d , 3d , 4d , ,2υ 3υ and 
4υ the sum of squares iiMη  (i = 1, 2, 3, 4) are distributed independently, the 

joint p.d.f. of iM (i=1, 2, 3, 4) can be written as 
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Where *C  is the constant and is independent of iM ’s. Applying the transformations  
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Integrating out x over the range 0 to∞, we get the joint p.d.f. of u, v and w as  
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The limits of integration of the new variables u, v and w corresponding to different components are as 
follows: 

For  :11P
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The integral expression for the four components may therefore, be written as follows  
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Where w)v,f(u,  is given by (13)  

Series Formula for Power Component 11P : 

Integrating out w from (15) by using the following standard result, 
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Integrating out v from (20) by using the following result,  
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Using the binomial expansion for j)u1( +  and integrating out u with the help of following standard 
results  
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Where 
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Series Formula for Power Component 12P  
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Where  Sijkl  is defined in (29). Also, 
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Series Formula for Power Component 13P   

Integrating out w from (17) with the help of integral given by (19)  
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We get  
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Where ijklS  is defined in (29).Also, 

( )121

12
2 att

atx
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′
= , ( )322323 Ce1D θυ+= , 1t 1 = , ( )3322 )C1(e1t υ−+=  

( ))Ce1(btt 22332111 υθ++=′ , ( ))Ce1(btt 2323212122 υθ+θ+=′   … (34) 

Series Formula for Power Component 14P  

Integrating out w from (18) by using the integral given by (19) we get; 
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Where ijkS  and ijklS  is defined in (28) and (29) respectively. 
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RESULT 

We obtained the power function of CST procedure denoted by ( )θTP  in (8) by adding the series 

formulae for power components 11P , 12P , 13P  and 14P  from equation (27), (31), (33) and (35) 

respectively in case when 321 ,, υυη  and 4υ i.e. the degrees of freedom for various sources of 

variation are even numbers i.e. ( ) 14131211 PPPPPT +++=θ .  
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