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Abstract: The object of this article is to study and develop the generalized fractional
calculus operators given by Saigo and Maeda * for Aleph function of two variables 2.
The results obtained provide unification and extension of the results given by Saxena et
al.*®, Kumar and Choi ®, Ram and Kumar ’. The results are obtained in compact form
and are useful in preparing some tables of operators of fractional calculus. On account
of the general nature of the Saigo-Maeda operators and Aleph-function of two variables
a large number of new and known results involving fractional calculus operators and
several special functions notably H - function of two variables and H - function of
two variables follow as special cases of our main findings.
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1. INTRODUCTION

Fractional calculus studies derivatives (and integrals) of non-integer order. It is a classical mathematical
field as old as calculus itself ®. During almost 300 years, fractional calculus was considered as pure
mathematics, with nearly no applications. In recent years, however, the situation changed dramatically;
with fractional calculus becoming an interesting and useful topic among engineers and applied
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scientists, and an excellent tool for description of memory and heredity effects °.One of the trends of the
contemporary fractional calculus is the so-called generalized fractional calculus (GFC). Along with the
expansion of numerous and even unexpected recent applications of the operators of the classical
fractional calculus (FC), the GFC is another powerful tool stimulating the development of this field. It is
also generating new classes of special functions (special functions of fractional calculus) and integral
transforms, as well as providing new transmutation operators applicable to solve more complicated
problems in analysis via their reduction to simpler ones. The GFC poses also: new challenges for
interpretations of its operators, similar to the classical fractional integrals and derivatives (see e.g.
Podlubny *° and new open problems for their applications in solving not only theoretical models of
fractional (multi-) order differential and integral equations, but mathematical models of real phenomena
and events (as it is now well illustrated for the classical FC).

Let o, &', B, B,y € C, then the generalized fractional integral operators 15”#” and 17777 of

a function f (x) for Re(y)>0, is defined by Saigo and Maeda *, in the following form:

(157777 £ )(x) = rx(_;) E(x—t)y1t‘“’F3(a,a’,ﬂ,ﬂ';y;l—t/x,l— x/t) f (t)dt, e (12)
(1P 1) (x) = r)((;) I(t ~X) T URy (a,a, B, B 71— x/t,1-1/x) T (t)dt, o (12)

These operators reduce to the fractional integral operators introduced by Saigo ™, due to the following
relations:

Lo P27 £ () =107 7 1(x),  (r€C), .. (1.3)
and

|“OPF £ (x)= 1797 £(x), (yeC). .. (14)

Leta,o, B, 8,y€C, y>0 andXxeRR_, then the generalized fractional differentiation operators *

involving Appell function F; as a kernel can be defined as

(D&a'ﬁﬁzy f)(x) — (|g+a’ﬁaﬁﬂ’ﬁﬂﬁy f)(x) ... (15)
_ (%)n ( | A f )(x) (Re(y) >0, n= [Re(y)]+1) ... (1.6)
(D_a,a’,ﬁ,ﬂ’,y f)(x) — (|_—a',—a,—ﬂ',—ﬂ,—y f)(x) .. (.7)
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d " -a'\—a,~ B\~ B+n,—y+n . —
:(_&j (1 mmpmarn £ ) (x) (Re(y/)>0, n—[Re(y)]+l) ... (18)

These operators reduce to Saigo derivative operators ** as
(D&a'ﬁ,ﬂ',y f )(x) _ (Dg;a'—yﬁ’fy f )(x) (Re(y) > o); ... (L9
(Dg,a',ﬁ,ﬁ',y f )(x) _ (D_y,a'—yﬁ’fy f )(x) (Re(y) > o)_ ... (1.10)

Further [1, p. 394, Egns. (4.18) and (4.19)] we also have

|gr+ya’,ﬂ,ﬂ’yyxp—1:r{ ppry-—a—a - p+pf-a

, , } XPTee L (1.10)
pry—a-a,\p+ry-a'=p.p+p

where Re()> 0, Re(p)> max [0, Re(a+a' + B—7), Re(a'—ﬁ')],

and

|a,a',/3,ﬂ',7xpfl :r{l+0{+a’_7_p,1+a+ﬂ’_7_p,1—ﬂ—p

A XPTe L (L12)
1-pl+a+a'+f —y—-pl+a-p—p

where Re(y)>0, Re(p)<1+min[ Re(-p),Re(a+a'~y),Re(a+p'~y)].

a,b,c _ :
Here, the symbol 1{ } will be used to represent the ratio of product of gamma functions as

The Aleph-function of two variables defined and given by Saxena et al.? and studied by Saxena et al.®,
Sharma 2. The Aleph-function of two variables is an extension of the | -function of two variables (see,

Sharma and Mishra **) which itself is a generalization of G and H -functions of two variables.
The double Mellin-Barnes integral occurring in the present paper will be referred to as the Aleph-

function of two variables throughout our present study and will be defined and represented by in the
following manner:
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N y] = KoL x(aj;aj’AjL,n’[ri(aji;aji'Aji”nﬂxPi:(Cj'Cj)1'”1’[Tj(cjiucji'””l‘fllpi';
NI YT =N 0 e G T T Den e 2on [
(ej'Ej)lynz’[Tj(eji"'Eji"ﬂanrl,pin

(fj F )1,m2 ' [Tj(fii"'Fji””szrl’qi"

1
(27rw)2

ILIJ‘LZWS’?)@(S)@Z(?) Xy~ dsdé&, ... (1.13)

wherea):\/—_l,

and
f[r(l—aj—ajs—Ajg)
#(s.8) = ——
Hri{H r(aji+ajis+Aji§)Hr(l—bji—ﬁjis—Bijg)}
(1.14)
ﬁr(dj+DjS)ﬁr(l_Ci_st)
6(8) =Q 0 (8)= ——— ,
>z { [Tr(t-d;-Dus) T F(cji.+Cji.s)}
i'=1 j=m+1 j=n+1
ﬁr(fjJerg)]n‘z[r(l—ej—Ejg)
0,(5) =2 ()= ——5 ,
S {H Pty Fpd) TT e+ Eji,,ﬁ)}

Here, the variables x and y are real or complex different to zero, and an empty product is interpreted

as unity. P, Py B 605G, G, NN, N, M, M, are  non-negative  integers  such  that

0<n<p,0<n<p,0<n,<p,,0,q,.q >0, 7,7,7, >0 (i =1ri'=1r i”=1,r”) . Al
the A's,a's,B's,3's,C's,D's,E's and F'S are assumed to be positive quantities for
standardization purpose. The integration path L, =L, , (;/e]R) is in the s -plane and extends from

y —aoo 10y +a@oo with loops, and is such that the poles of F(dj +Djs), J =1,_m1 (the symbol

(1_”‘1) is used for 1,2,....,m ) lies to the right, and the poles of 1“(1—cj—st),j=1,n1 ,
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1“(1—aj —ajs+Aj§), j=1,n to the left of the contour. The integration path L, = L,.(y€R)isin
the & -plane and extends from y—awoo to y+a@oo with loops, and is such that the poles of
1“(fj+Fj§),j:1,_m2 lies to the right, and the poles of 1“(1—ej—Ejf§),j:],_n2 ,
1“(1—aj —a;s+ Ajéf), j :1,_n to the left of the contour.

The existence conditions for the defining integral (1.13) are given below:

|arg(x)|<%E, |arg(y)|<%®, ... (1.15)

er{ia Zﬂj,}rr (ZC Z;D] <0 .. (1.16)

A= r,(JZA S B. ]M (ZE JZFJ,J <0, .. (1.17)

i=

where

(1]
Il
=

i i
pZaji _Zﬂji]-i_ri'( z D; ZC ]+icj>o, ... (1.18)

j=n+1 =m+1 j=n+1

O=r, —2 A ZB J [pz E; + qz Fji”}iEj—ino. .. (1.19)

j=n+1 j=np+1 j=mp+1

It may be noted that as Aleph function of two variables defined by (1.13) in terms of double Barnes
integral is most general in nature, which includes a number of special functions which can be deduced
by assigning suitable values to the parameters.

Remark 1.Forz,=7, =7, =1, (i =Lr,i'=Lr',i" :l,r"), Aleph-function of two variables (1.13)

reduces to the | -function of two variables due to Sharma et al.*® (also, see '*).

Remark 2. Further, if we setr =r"=r" =1, then (1.13) yields the H - function of two variables given
by Mittal and Gupta® (also, see ).

For the details of Aleph-function of one variable, its fractional calculus formulas and applications the
reader can refer the work >4 17,
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2. GENERALIZED FRACTIONAL INTEGRALS OF THE ALEPH-FUNCTION OF TWO-
VARIABLES

In this section we will establish two generalized fractional integration formulas for Aleph-function of
two variables (1.13). The conditions as given in (1.15)-(1.18) hold true.

Theorem 1. Leta,a',8,f,y,0,4,p€C, Re(y)>0,4>0, v>0,and

]

Re( )+ min Re i +u min Re L > maXI:O RE(a+a'+ﬂ— ) Re(ar_ﬂ/):l
PITH e D 1<j<m, F : 7) :

J

Further, let the constants 7,77, €R,; a;a

(i=1...r;j=1..,p); c;.d;,d

ji,bjie(C;Aj,ozj,Aji,Bji,ozji,ﬂjiE]R+ with

¢ €C C,,D;,C;,,D; eR, (i'=L...,r5j=01...,p,);
e fj,eji", fji” eG E;, F,E
are given by (1.15)-(1.19). Then, the left-sided generalized fractional integral of the Aleph-function of
two variables exists and the following relation holds:

Fi- R, with (i"=1,...,r"; j=1,..., p,), also satisfy the conditions

ji*
a.a BBy [+p-1 «e0.mmg,n;mp,np He g0 _ ypa—a'+y-1
{IO+ (t N g . i i [/H ot ])} (x)= x

AX#

ox’

A-p;uv),Q-pra+a +B-y;uv),
B,(1-p+a+a'—y,uv),(1-p- B 1v),

% 0,n+3:mq,ng;;my,no
Pi+3,05+3,77, 1Py Ol 7 1 P G 7 T

(1-p+a'-p;5u0):CE -
(1—p+a'+ﬂ—7/;,u,u):D;F - @)

here, we let a - (ai;“J"Ai)Ln {Tj(aji ;“ii’Aii)}nﬂ, oo [Ti(bii;ﬁii’Bji)Lqi =y 'Cijl,nl '[TJ (Cji"cii‘)}nﬁl, o

b= [dj'Di)l,ml [’j(dji-ijr)}mﬁLqi, B (ei’EiJl,nz i (eji"'EJi")Lzﬂ, b (fi'Fj)l,mZ [Ti(fii”'Fii”ﬂszqui" '

Proof: In order to prove (2.1), we first express Aleph-function of two variables occurring on the left
hand side of (2.1) in terms of Mellin-Barnes contour integral with the help of (1.13), and interchanging
the order of integration, we have the following form:

1
(27m))2

'[Ll I'—z ¢(5, é:)gl (3)02 (éz) ﬂ,_so'_§ ds df( |g!+,a‘,ﬂﬁ',7 tp—ys—ug_l)(x)

1
(272'0))2

JL . #(5:6)68.(5)6,(&) Ao (15777 7= ) (x) dsdls
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By using power function formula (1.11), we arrive at

| _ 1 J- J- F(p—,us—uf) F(p—a—a’—,b’+y—,u8—u§) F(p—a'+,B'—,us—U§)
(270) M2 T (p-a-a'+y—ps—v&) T (p—a'=f+y-us—v§) T(p+f'— pus—vs)

x §(5,£)6,(5)6, (&) 7 vee e 156 4ds d .

Finally, re-interpreting the Mellin-Barnes counter integral in terms of the Aleph-function of two
variables, we get the expression as in the right-hand side of (2.1). In view of the relation (1.3), then we
get the following corollary concerning Saigo fractional integral operator *:

Corollary 1.1. Let @, 8,7, p, 4,0 € C,Re(a)>0, >0,0>0 and let the constraints

5, 7.,7 €R,; a;,a;,b,€C A a;, Ay, By, B €R, (I1=L...,1;j=1...,p);
¢;,d;,d;.c;. €C; C;,D,,C;,D;. eR, (i'=L...,r5j=1....p.); €, f,. e, f;p €C;

jite L LR R (R |

E,.F,,Ej.Fjy eR, with (i"=1,...,r"; j=1,..., p. ), and also satisfy the condition

i
Re(p)+ u min Re 4y +0v min Re 5 >max[0,Re(B-y)] . Then, the left-sided Saigo
I<j<my Dj 1<j<m2 |:j ’ ' ’

fractional integral of the Aleph-function of two variables exist and the following relation holds true:

{Ig’f”'7 (t'”*1 N2 2 S [it”:at“])} (x)= x"7/*

Pi 0, 7i 12 Py G 7 P G

AXH

pj +2,0i+2,7j,r: pj’,qi’, i’ T Ry, Gj” . 7j" ,r "
i i iR i Ti i"2 4”7 (TXU

% N 0,n+2:my,m ;Mo ,ny |:

A (1-p;p,0),(1-p+B-y;10):CE }
, ...(2.2)
B,(1—p+ﬁ;,u,U),(l—p—a—;/;,u,u):D; F

where, A,B,C,D,E and F are the same as given in Theorem 1.For f =—« in (2.2), the Saigo
integral operator reduces to Riemann-Liouville integral operator ° and we obtain the following result:

Corollary 1.2. Let, p, 4,0 €C, Re(a) >0, u>0,0>0; then, the left-sided Riemann-Liouville

fractional integral of the Aleph-function of two variables exist and the following relation holds:

PiGi 7 Fpi G

(g (vt wommmere Lot )] (x)= e

A,(l—p;y,u):C;E

B’(l‘P—a;y,u):D; El (2.3)

)i
% & 0,n+1:my,ng;myp,no I:AX

PILGIHL1 TPy i B i | o

Further, if we set #=0 in (2.2), then we can easily obtain result concerning left-sided Erdélyi-Kober
fractional integral operator.
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Theorem 2. Let a,&', 8,8, 7,0,2,p€C, Re(y)>0,u>0, v>0,and Re(p)—

(4 A | | |
pmin Re[ﬁj—ugj}l% Re(E‘J<1+mln[Re(—,B),Re(oHa ~y).Re(a+p'-7)].

i i

Further, let the constants <7,,7,,7., €R,; a;,ay,

b; €C A, a;, Ay, By, a, B eR, with

(i=1...r;j=1..,p); ¢;,d;,d;,c; €C;C,;,D;,C;,D;. R, (i'=L..,r;j=1..,p.);

e, f,.e;. f: €C E,,F,,E;,,F, eR, with (i"=1...,r"; j=1..,p,) , and also satisfy the

conditions are given by (1.15) - (1.19). Then, the right-sided generalized fractional integral of the
Aleph-function of two variables exists and the following relation holds:

a,a BBy [+l «s0.n:m,m;mp,np —U. 40 _ yp-a—a'+y-1
{I— (t NpivO|i:Tivfipi’in'lTi”"'?pi”lQi”vTi”vr"I:At jot )} (X)_ X

AXH
oX’

A(p-a-a+y, o), (p—a-p'+y;uv),
B,(oip,0),(p—a—a'=B'+y; 10),

Pi+3,0i +3,7j.r: pi’ . gi’ 7it F PG i 1

x N 0,n+3:mq,ng;myp ,np |:

(p+pB;u,0):CE

(p—a+pB;uv):D; F} @4

where, A,B,C,D,E and F are the same as given in Theorem 1.

Proof:The proof of result asserted by Theorem 2 runs parallel to that of Theorem 1. Here we use
(1.12) instead of (1.11). The details are, therefore, being omitted.

If we follow Theorem 2 in respective case a'=f'=0,f=—y,a=a+ [,y =« . Then, we arrive at
the following corollary concerning right-sided Saigo fractional integral operator:

Corollary 2.1. Let &, 8,7, p, 4,0 € C,Re(ar) >0, >0,0>0 and let the constraints

7,7, 7, €R; aj,aji,bjieC;Aj,aj,Aji,Bji,aji,ﬂjie]R+(i:l,...,r;j:l,...,pi) , ¢;,d;.d

c;. €C; C,,D;,C;.,D; eR, (i'=L...,r%j=1...p,); e

ity

i fi.e f €C Ej R By F

i Tjir

eR, with (i"=1,...r"; j=1..., p. ), and also satisfy the condition
Re(p)— u min Re LT —v min Re 5 <1+min[Re(),Re(y) ]
1<j<my Dj 1<j<m2 Fj ' '

Then, the right-sided Saigo fractional integral of the Aleph-function of two variables exist and we get
following relation:
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{I_“'M R [;a—”;at-”])} (x)= x"7*

Pi»Gi»7i Py G 7

AXH

By ... (2.5)
oX

Pi+2,0j+2,7j,r: pj’, i 7,1 Py g 7 1

% N 0,n+2:my,m ;Mo ,np {

A(p-Buv),(p-7imv):CE }
B,(p;,u,u),(p—a—ﬁ—)/;,u,u):D; Fl

where, A, B,C,D,E and F are the same as given in Theorem 1.For £ =—c« in (2.5), then, we obtain
the following corollary:

Corollary 2.2. Lete, p, 4,0 €C, Re(a)>0, 4 >0,0>0; then, the right-sided Riemann-Liouville

fractional integral of the Aleph-function of two variables exist and the following relation holds true:

TR TN R T Y TN T

{1e(t wommmrete e A0t ]} () = X0

A,(p+a;y,u):C;E
Pi+L, 0 +L7i i G T S P Gz | B (,0',11 U)ZD' F ) - (2.6)

—H
x N 0,n+L:my,ng;myp,no AX
oX

Moreover, if we set =0 in (2.5), then we can obtain result concerning right-sided Erdélyi-Kober
fractional integral operator.

3. GENERALIZED FRACTIONAL DERIVATIVES OF THE ALEPH-FUNCTION OF TWO-
VARIABLES

In this section we will establish two generalized fractional derivative formulas for Aleph-function of
two variables. The conditions as given in (1.15)-(1.18) hold true also.

Theorem 3. Leta, o', B,f,7,0,4,p€C, Re(y)>0,(x#,0>0),and

I<j<m; i 1<j<m, i

ymax{%(d’)]ﬂ) max [%“‘)]< Re(p)+min[0,Re(B-a).Re(y—a-a'-B)].

Further, let the constants 7,77, €R,; a;a i

(i=1...r;j=1..,p); c;.d,.d

bjie(C; A a;, A By o, B eR, - with

ji?
iCi€C C;,D;,C;,,Dy R, (i'=L....,r% j=1...,p,);
e, f.e, f;, €C E;,F,E
conditions are given by (1.15)-(1.19). Then, the left-sided generalized fractional derivative of the Aleph-
function of two variables exists and given by

Fi R, with (i"=1..,r";j=1..,p,) , and also satisfy the

jir

{Dg:a"ﬂ’ﬂ"y (tp_l N?J}rj;]rir,l;irtlr;:?iz’:zg’,ri’,r';Di”in”,ri”,r" I:ﬂ,t”;O'tU])} (X) = xrere
% N On+3imyngmg, g ) , AX A,(l—p;,u,u),(l—p—a—a'—ﬁ'+y;,u,u),
Pi+3.03-+3.71, 2 i i i Pir i | B,(l—p—a—05'+}/;/1,U),(1—p+ﬂ;,u,u),

iNVZ'l J. Chem. Bio. Phy. Sci. Sec. C, May 2016 — July 2016; Vol.6, N0.3;1116-1131
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(1-p-a+pB;uv):CE
(1-p—a-p'+y;uv):D;F

here, A,B,C,D,E and F are the same as given in Theorem 1.

... (3.1)

Proof:By expressing the Aleph-function of two variables occurring on the left hand side of (3.1)
(denoted by 22) in terms of Mellin-Barnes contour integral with the help of (1.13), and interchanging
the order of differentiation, we have

D=(1)ZI [ 4(5.£)8(5)0,(&) 250 dsde(Dge w47 i) (x)
27w L2

IL1JL2¢ (é:) 1 56¢ (lo—fz 0= BN By 4N P ps—0E = 1)(X)dS de

wheren = [Re(;/) +1]. Now, by applying (1.11), we have

J-J- C(p—pus—vE)T(p+a+a' +f'-y—us—vé) T (p+a—B—us—vs)
El L2F p+a+a y+N—us— U§) (p+a'+ﬁ'—7/—,us—u§)F(p—,B—,us—Ué‘)

5 E)A(50,(6) e oasa

27m)

By re-interpreting the Mellin-Barnes counter integral in terms of the Aleph-function of two variables,
d" . T(m+1)

m

dx""  r(m-n+1)

and using X" (m > n), we find the desired result (3.1). This completes the

proof.

In view of the relation (1.9), then we arrive at the following corollary concerning Saigo fractional
derivative operator [11]:

Corollary 3.1. Let &, 8,7, p, 4,0 € C,Re(ar) >0, £>0,0>0 and let the constraints

5, 7.,7, €R,; a;,a;,b, €C A, Ay, By, B €R, (I1=L...,1;j=1...,p);

c;.d;, d;.,c; eCC D,,.C;.D; eR, (i'=L...,r5j=1...p.); e, f,.ep f;n €C;

jin jir jrogr i i

E,.F.E; F eR, with (i"=L...,r" j=1,..., p,, ), also satisfy the condition

g T i

~Re(d;) —Re(f)) :
p max TJ +0 Max Tj <Re(p)+max| 0,Re(ar+B+y)]. Then, the left -sided

Saigo fractional derivative of the Aleph-function of two variables exist and we have the following:

Pi»Gi iR a7 S PG 7

{Daﬁ7<tp Lo mimp B I:ﬂt”;O'tU])} (X)= Nl
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A(l-puv),(1-p-a—-p-y,uv):CE 2
PRGBS RN ARG gy | B, (1= p— Biw), (1= p-yimu):D;F |1 T

u
% N 0,n+2:my,m ;Mo ,np ﬂ,X
oX

where, A,B,C,D,E and F are the same as given in Theorem 1.For f=—« in (3.2), we have the
following result concerning left-sided Riemann-Liouville fractional derivative:

Corollary 3.2. Leta, p, 4,0 €C, Re(a) >0, ©u>0,0>0; then, the left-sided Riemann-Liouville
fractional integral of the Aleph-function of two variables exist and the following relation holds true:

a -1 0,n:my,np ;Mo ,n: . v —a—1
{D0+ (tp z~¢pi ,qriT?ﬁn,ll’:piz'YQiz',ri',r’: pi” .G, zj r" I:ﬂ’tﬂ’ O-t ])} (X) = Xp

AXx#

R R T R R A

« N 0,n+L:my,ng;mo,no "I:

A (1-piu,v):CE ]...(3.3)
B,(1-p+a;p,0):D;F

Next, if we set =0 in (3.2), then we can easily obtain result concerning left-sided Erdélyi-Kober
fractional derivative operator.
Theorem4. Let o, &', 8, 8,y,0,4,p€C, Re(y)>0,4>0, v>0,and

1+ 4 min |:¥9(Cj):l+v min [%e(ej)} Re(p)-min{0,Re(y —a-a'-n),Re(-a'- B+7),~Re(B")}.

I<j<m, . I<j<m, .
] ]

Also, let the constants 7;,7,7, €R,; a;,a

(i=1,...r;j=1..,p); c;,d;,d

i 0 €C AL ap, A By, B eR, with

c;. €C; C;,D;,C;.,D; R, (i'=L....,r% j=1...,p,);

ji

e, f.ep fr €C E,,F,,E;, F eR, with (i"=1,...,r" j=1,..., p, ), and satisfy the conditions

are given by (1.15)-(1.19). Then, the right-sided generalized fractional derivative of the Aleph-function
of two variables exists and the following relation holds true:

jir

a,a BBy (4,1 0,n:my,m ;mo,np —p . -v _ yptata'-y-1
{D* (t N vT|'|r';Pi”:Qi”vT|",f"|:ﬂ’t ,ot ])} (X)_ X

PiGi 7, P Gy

A(p+a+a'—y,uv).(p+a'+f-y;uv),

% & 0,n+3:m,m ;Mo ,np ﬂ'x_ﬂ
B.(p;p,0) . (p+a+a'+B—y;uv),

Pi+3,0i+3,77, 1Py, 0 7ir 15 P Qi 7 oX

- B u,0):CE
(p=i0) ey
(p+a'= B u,0):D;F

where, A, B,C,D,E and F are the same as given in Theorem 1.

Proof: A similar argument as in the proof of Theorem 3 will establish the result (3.4) under the given
conditions. So the details of the proof are omitted. Setting o'=f'=0,=—y,a=a+f,y=a in
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Theorem 4 yields an identity regarding the right-sided Saigo fractional derivative operator [11] asserted
by the following corollary:

Corollary 4.1. Let &, 8,7, p, 4,0 € C,Re(ar) >0, >0,0>0 and let the constraints

7,7, Ty €R a;,a

cj,dj,d

bji eC; Aj,aj,A-i,Bji,aji,ﬂji eR, (i =1..r;j=1.., pi)

]

Dy eR, (i'=L...r5j=1...p.); e, f,e;, f; €GC

o it it

i

inCi €C; C;,D;,Cy,

E,.F,.E;r.Fj eR, with (i"=1,...,r"; j=1,..., p. ), also satisfy the condition

1+ ﬂQLL’H{%e(CJ)]*UQ!HZ {%@} Re(p)+max{Re(ﬁ){Re(,B)]Jrl,—Re(a+7)}.

Then, the right-sided Saigo fractional derivative of the Aleph-function of two variables exists and is
given as follows:

{Dorr (172 wommmmate e A0 ) (x) = X0
A(p+pBiuv)(p—a—y;uv):CE

, ...(35
B,(p;1,0),(p+ B~y 1,0):D;F (3.5)

Pj +2,05+2,7j, 11 Py G 7t G 7 1 oX

—H
x N 0,n+2:my,m ;Mo ,no |:1X

where, A,B,C,D,E and F are the same as given in Theorem 1.For =—« in (3.5), we obtain the
following corollary involving Riemann-Liouville fractional derivative operators:

Corollary 4.2. Leta, p,A,0 € C,Re(ar)>0, >0,0>0; then, the right-sided Riemann-Liouville
fractional integral of the Aleph-function of two variables exist and the following relation holds true:

{D (1772 NoTmme e e A0 ) () = X

Pi . Gi 7, Fpi G T

A(p—a;u,0):CE
B (01 ) D F }..(3.6)

pi +1,Gj +L,7j,r: pj’ . dir 7,1 pjL Qi 77 -
i +L,0i +1,7i, 1P, G 7 i":Gi" 7 oxX Y

—H
N 0,n+L:my,ng;myp,np |:2“X

Further, certain result involving Erdélyi-Kober fractional derivative operator can also be obtained by
setting £ =0 in Corollary 4.1. We omit details here.

Remark 3:For more details of generalized fractional calculus operators involving special functions and
their application the reader can refer the recent published work %,

4. CONCLUDING REMARKS AND SPECIAL CASES

This section deals with certain special cases of the Theorem 1. Since the Aleph-function of two
variables is wvery general, it contains, as its special cases, many special functions. Setting

T,=7,=7,=1 (i elri'elr; i"el,r") in (1.13) yields the 1 -function of two variables (see,

Sharma and Mishra [13]) whose further special case when r =r'=r" =1 reduces to the H -function of
two variables.
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Here, among numerous special cases of the four main results, only a few cases of main result (2.1) are
demonstrated as in the following results.

(i.). Ifweput 7, =7, =7, =1 (i elr;i'elr’i"el r") in (2.1), then we have the following result in

the term of | -function of two variables *:

(o0 (v 1amaren Lot ) ()= 50
L,(1-p;,0),(1=p+a+a'+ B -y;uv),

| 0,n+3:mq,m ;Mo ,np /ILX#
M,1-p+a+a -y, u0),(1-p- 5 10),

Pj +3,0j+3,r:pj’ . Gj", s P G 1" ox’

_ "t "NV
(1 pra B u0)N; ... (4.1) here,
(L-p+a'+B—7imv)UW

L= (aj ] 'Ajjl,n ’(aii ?“ii’Aji)nﬁ, T [bj B ’Bjjl,m '(bji;ﬂji'BiiJmﬂ,qi N = (Ci'Ci)l,nl ’(Cii"cji')n1+1, b

U :(d-,D-j [dD) Vv :(e-,E-] ,(e--n,E--nJ W :(f-,F-) ,[f--ﬂ,F--”J .
] J1,m1 Il m2+1,qi/ ] J1,r12 I n2+1,pi~ ] J1,m2 I m2+1,qin

Further, if we set r=r"=r"=1 in (4.2), then we arrive at the following result in the term of H -
function of two variables *® %

a.a\B.fy (-1 g 0.nmy,nimp,np yT— _ yp-a—a'+y-1
{|0+ (t Hp,q:plvcn:pzqu [/lt jot ])} (X)_ X

P,(1-p;p,0), Q- p+a+a'+ f—y;uv),
Q(-p+a+ada -y,uv),1-p-p10),

+3,0+3:p1,o; P2,
p+5,0+9:p1,415 2,02 O'XU

u
% H 0,n+3:m ,m;my,ny |:ZX

(1-p+a' = u0):RT "’
(1—p+a’+,8—}/;,u,u):S;Z - (42)

here, P :(aj;aj'Aj)]_,p ;Q :(bj;ﬁj'Bj)l,q iR = (C] chjl,pl ;S :(deDle,ql T = (ej'Ele,pz VL= (fj’Fle,qz .

(ii). Next, if we put N=0=p, =, (i e]?) in Theorem 1, then we obtain the product of two Aleph-

functions, and we have the following known result given by Saxena et al. [2, p. 636, eg. (3.1)]:

[0 (v s, L] N [ D) 0= e

Pigi i Py G’z 1

(1-pp0),(1-p+a+a'+B-y;uv),
(I-p+a+a'—y;uv),(1-p-f10),

3,3:pj, i PG T ox’

M
% N 0,3:my,m ;Mo N |:2'X
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(1-p+a'-ppv)ALC 43
(1-p+a'+p-y,uv):B5D"| - (43)

here, a'~(a; 4 jl,nl [ei(ay o )Lﬁl, E (o ij)m L5t vBJ)Lh+1,qi o= 'Cj)l,nz Lriley vcj)}nzﬂ, o

and o - [dj'Dle,mz [Tj(dj'Dj)}mzﬂvqi' .

For more detail of product of Aleph-functions and its several applications the reader can refer the work
done by Saxena et al.>*, Kumar and Choi °.

Remark 4: We can easily obtain the similar special cases for Theorem 2-4. Besides this, on account of
the general nature of the generalized fractional calculus operators and H -function of two variables a
large number of new and known results involving special functions notably Mittag-Leffler function,
Whittaker function and Bessel function of the first kind can be developed as special cases, whose
detailed accounts are omitted.
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