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Abstract: Using theoretical formalism of R. A. Duine and H. T. C. Stoof (Physics 
Reports, 2004) we have evaluated the critical temperature TC for Bose-Einstein 
condensation (BEC) for the atom-molecule mixture at the fixed total density. The 
evaluation has been performed for positive and negative detuning. For positive 
detuning, we obtained TBEC =T0 and for negative detuning, we have TBEC =(2-5/3T0) 
where T0 is initial temperature. Our theoretically evaluated results are in good 
agreement with the experimental data and also with other theoretical workers. 

Keywords: Real-time dynamics, Effective atom-molecular theory, Heisenberg 
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INTRODUCTION 

In order to evaluate the critical temperature for Bose-Einstein condensation of the atom-molecule 
mixture at the fixed total atomic density, one studies the effective atom-molecular theory1,2. In this 
study, one considers the real-time dynamics of the system by deriving the Heisenberg equation of 
motion for the field operators that annihilate an atom and a molecule of a given space and time. To 
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determine the Heisenberg equation of motion for these field operators, one first have to perform an 
analytical continuation from Matsubara frequencies to real frequencies. For simplicity, one assumes 
that one is close to the resonance and one is allowed to neglect the energy dependence of the effective 
atomic interactions and the effective atom-molecule coupling. Moreover, one takes only the leading 
order energy dependence of the molecular self-energy into account.  

Higher orders are straight forwardly included. The leading order energy dependence of the self energy 
is after Wick rotations and is real energies. For the positive energy E, this result is in agreement with 
Wigner- Threshold law3. This law gives the rate for a static with a well defined positive energy to 
decay into three dimensional continuum. In order to study the properties of the gas in the normal state, 
one considers the two- atom properties of many-body theory.  

One can show that the effective field theory4 correctly contains the two-atom physics of a Feshbach 
resonance5. Firstly, one shows that the correct Feshbach- resonant atomic scattering length is obtained 
after the elimination of the molecular field. Secondly, one calculates the bound energy and shows that 
it has the correct threshold behavior near the resonance. To get more insight in the nature of the 
molecular state near the resonance, one also investigates the molecular density of states. 

To calculate the effective interatomic scattering length, one has to eliminate the molecular field from 
Heisenberg equation of motion. Since the scattering length is related to the scattering amplitude at 
zero energy and momentum, one is allowed to put all the time and spatial derivatives in the equation 
of motion for the molecular field operator equal to zero. The scattering length wear a Feshbach 
resonance and is given by 

  a(B) =abg+ ares(B) 

where abg is the backward scattering length and ares(B) is the Feshbach resonance. The energy of the 
molecular state is determined by the poles of the retarded molecular propagator. For positive detuning 
δ(B) , there exists a pole with a non-zero and negative imaginary part. This is in agreement with the 
fact that a molecule decays when its energy is above the two atom continuum threshold. The 
imaginary part of the energy is related to the lifetime of the molecular state. For negative detuning the 
molecular propagator has a real and negative pole corresponding to the bound state energy. 

The molecular density of state is obtained by taking the imaginary part of the retarded molecular 
propgator6. One can discuss only the situation when one is close to resonance and approximate the 
retarded molecular elf-energy by the square root term resulting from Wigner threshold law. For the 
case of negative detuning, the molecular density of states has two contributions, one arising from the 
pole at the bound state energy and the second from two atom continuum.  

Then one defines the wave function renormalization factor Z(B). This factor goes to zero as one 
approach the resonance and it becomes equal to one far off resonance. Far off resonance, the bound 
state of the coupled channels i.e the dressed molecules is almost equal to the bound state of the closed 
channel potential and has zero amplitude in the open channel.  

This corresponds to the situation Z(B)~1.0. As the resonance is approached, the dressed molecule 
contains only with an amplitude ( )Z B   the closed channel bound state i.e. bare molecule. 

Accordingly, the contribution of the open channel becomes larger and gives rise to the threshold 
behavior of the bound state energy. For positive detuning the molecular density of state has only a 
contribution for positive energy. The lifetime of the molecular state is defined by 
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g is the order of coupling between atom and molecule, m is the mass of the atom, 

0( ) ( )B B Bδ μ= Δ −  is the detuning. As expected, the density of states is, in the case of positive 

detuning, approximately a Lorentzian expected around the detuning with a width related to the 
lifetime of the molecule7-10. 

In this paper, we have evaluated the critical temperature for the Bose-Einstein condensation (BEC) for 
the atom-molecule mixture at the fixed total atomic density. Two results were given one for the exact 
calculation and other for treating the gas as an ideal gas mixture. The calculations were performed 
from positive to negative detuning. 

Mathematical formulae used in the evaluation: The equilibrium properties of the gas are 
determined by the equation of state, which relates the total density of the gas to the chemical potential. 
The equation can be calculated in two ways, either by calculating the thermodynamic potential and 
differentiating with respect to the chemical potential, or by directly calculating the expectation value 
of the operator for the total density. First, one calculates the thermodynamic potential which is given 
by11 

1 1
0,

1 1( , ) [ln( )] [ln( )]r a r mT T G T Gμ
β β

− −Ω = +                                                                                     (1) 

Here G0,a(k,iωn) is non interacting atomic propagator of the atoms. Gm(k,iωn)is molecular propagator. 
1( )K Tββ −= . The full molecular propagator is given by 

2

( , ) ( ) 2 ( 2 )
2 2

B
k k

m n n
n m

G k i b ii
ε εω δ μ ω μω

−= + + − + − +− ∑h h h
h

                                                  (2) 

Here 2B
mΣh  is the molecule self-energy. The total atomic density is calculated by using the 

thermodynamic identity 
( , )TN μ
μ

−∂Ω
=

∂
 which results in total density as 

1 [ ( ) 2 ( ( ) 2 )]
2
k

k k mn N N B
V

εε μ ε μ= − Σ − + + −                                                                                (3) 

Where εm(B) is molecular binding energy. This important results show that in equilibrium in the 
normal state and for negative detuning the gas in first approximation behaves as an ideal gas mixture 
of atoms and the dressed molecules. The same result is found if one neglects in the Heisenberg 
equations of motion for the atomic and dressed molecular field operators in the interaction terms and 
calculate the total density in equilibrium. Then, one calculates the total density for negative detuning 
the contribution comes from molecular propagator. It is found to be equal to12 

3( ) ( ( ) 2 )
(2 ) 2

k
m m

dkn Z B N Bε ε μ
π

= + −∫ ∫                                                                                           (4) 

Where Z(B) is wave function renormalization factor. The molecular self-energy is given by 

2

,
4 1( , ) ( ( )) ][s n q n k

n

gk i BiV
ω δ ε μωΣ = Σ − − −h

h                                                                            (5) 
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Finally the total density of the atoms is given by 

(2 2 ( ) 1( ( ) 2 ) ( )
2
k

n k k k
Z Bn N B N
V V

ε δ μ ε μ−
= Σ + − + Σ −                                                                (6) 

The molecular density becomes equal to 

( ) ( ( ) 2 )m k k
Z Bn N B
V

ε δ μ= Σ + −                                                                                                       (7) 

The temperature is given in units of the critical temperature for Bose-Einstein condensation of an 
ideal gas of atoms with total density n as 

2
2 3

0
3.31 nT mKβ

= h                                                                                                                              (8) 

Adiabatic Sweep through the resonance: One now calculates the number of atoms and molecules of 
the gas during adiabatic sweep in the magnetic field, such that the detuning changes from positive to 
negative13. The condition for adiabatically is that the entropy of the gas is constant. The entropy is 
given by 

S
T
∂Ω

= −
∂

                                                                                                                                             (9) 

where Ω is thermodynamic potential. The total number of atoms is also constant throughout the 
sweep. As one can see for sufficiently large absolute values of the detuning, the gas is well described 
by an ideal gas approximation. For simplicity, one will treat the gas here as an ideal-gas mixture since 
one is mostly interested in the final density of atoms and molecules and final temperature of the gas 
after the sweep14. 

DISCUSSION OF RESULTS 

 In this paper, we have evaluated the critical temperature for Bose-Einstein condensation (BEC) for 
the atom-molecule mixture at the fixed atomic density. The evaluation has been performed by the 
theoretical formalism of R. A. Duine and H. T. C. Stoof15. In Table 1, we have shown  the 
temperature of the gas as a function of detuning for a sweep through the resonance from positive to 
negative detuning for two initial temperature T=2 T0 and 4T0. The total density of the gas is equal to 
n=1013 cm-3. The gas is heated as the detuning is changed from positive to negative. In Table 2, we 
have given the evaluated results of critical temperature for Bose- Einstein condensation (BEC) of  
atom-molecule mixture at a fixed total atomic density n=1013 cm-3.  

Two results were given, one for the exact calculation and other for treating the gas as an ideal gas 
mixture. For positive detuning and far from the resonance, one is essentially dealing with an atomic 
gas. Hence one has in this regime TBEC =T0. For sufficiently negative detuning, one is dealing with a 
gas of molecules with twice the atomic traps and one has TBEC=(2-5/3 T0). The feature in the critical 
temperature at zero detuning turns out to be a signature of true thermodynamic phase transition 
between a phase with single Bose-Einstein condensates of molecules and a phase contrary of two 
Bose-Einstein condensates, one of atoms and other of molecules. This was first pointed out by 
Sachher16. This should be contrasted with the situation of atomic Fermi gas near a Feshbach 
resonance, where only a BCS-BEC cross-over exists17.  
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In Table 3, we have shown the results of evaluation of fraction of atoms as a function of the detuning 
for an adiabatic sweep through the resonance. The total density is again kept equal to (n=1013 cm-3). 
The calculation were performed with two initial temperature T= 2T0 and 4T0. In Table 4 , we have 
given the result of evaluation of twice the fraction of molecules as a function of detuning for an 
adiabatic sweep through the resonance. The other parameters are same as shown in Table 3. There are 
some recent results18-24 which also reveal the similar behavior. 

Table 1: Temperature of the gas as a function of the detuning for a sweep through resonance from 
positive to negative detuning for two initial temperature T=2T0 and 4T0. The total atomic density of 

the gas is n=1013 cm-3. 

Detuning 

2 6

4 3

4
g m
π δh

 
T/T0 (T=2T0) T/T0 (T=4T0) 

-0.0030 3.25 7.85 
-0.0025 3.00 6.52 
-0.0020 2.92 6.20 
-0.0015 2.86 5.86 
-0.0010 2.72 5.48 
-0.0005 2.58 5.12 

0.0 2.50 4.95 
0.001 2.80 5.25 
0.002 2.95 5.49 
0.003 3.10 5.75 
0.005 3.17 5.90 

Table 2: An Evaluation of critical temperature for Bose-Einstein condensation as a function of 
detuning .The total density of the gas is equal to n= 1013 cm-3. I- results show the exact calculations. 

II-results show the calculation for treating the gas as an ideal gas mixture. 

2 6

4 3

4
g m
π δh

 (detuning) 

( TBEC/T0) 

 result result 
-0.0030 0.345 0.347 
-0.0025 0.348 0.354 
-0.0020 0.352 0.359 
-0.0015 0.358 0.365 
-0.0010 0.362 0.369 
-0.0005 0.371 0.375 

0.00 0.385 0.352 
0.001 0.486 0.364 
0.002 0.685 0.458 
0.003 0.795 0.886 
0.004 0.928 0.958 
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Table 3: An evaluated results of function of atoms as a function of the detuning for an adiabatic 
sweep through the resonance. The total density is equal to n =1013 cm-3. The calculations have been 

performed for two initial temperature T=2T0 and 4T0. 

Detuning 

2 6

4 3

4
g m
π δh

 

Fraction of atoms 

 T =2T0 T=4T0 
-0.0030 0.00 0.252 
-0.0025 0.005 0.284 
-0.0020 0.008 0.327 
-0.0015 0.015 0.368 
-0.0010 0.225 0.445 
-0.0005 0.325 0.565 

0.00 0.458 0.589 
0.001 0.586 0.609 
0.002 0.765 0.668 
0.003 0.848 0.699 
0.005 1.052 0.823 

Table 4: An evaluated results of twice the fraction of molecules as a function of the detuning for an 
adiabatic sweep through the resonance. The total density is equal to n =1013 cm-3. The calculations 

have been done for two initial temperature T =2 T0 and 4T0. 

Detuning 

2 6

4 3

4
g m
π δh

 

2 x Fraction of molecules 

 T = 2T0 T= 4T0 
-0.0030 1.052 0.925 
-0.0025 0.975 0.908 
-0.0020 0.802 0.872 
-0.0015 0.652 0.807 
-0.0010 0.518 0.627 
-0.0005 0.487 0.526 
0.000 0.586 0.487 
0.001 0.427 0.352 
0.002 0.364 0.307 
0.003 0.309 0.297 
0.004 0.225 0.226 

CONCLUSION  

From the above theoretical evaluations and investigations, we have come across the following 
conclusions. 
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(1) At positive detuning, most of the atoms are free. One finds that the width in detuning of the 
cross-over regime is approximately equal to temperature and the result does not incorporate 
the effects of the nonzero lifetime of the molecules at positive detuning. 

(2)  For negative detuning, one observes that the ideal gas result becomes equal to the exact 
result. This shows that for negative detuning, one is allowed to treat the gas as an ideal-gas 
mixture of atoms and dressed molecules. 
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